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On the Robust Dynkin Game * 

Erhan Bayraktar'^^ , Song Yao^^ 


Abstract 

We analyze a robust version of the Dynkin game over a set V of mutually singular probabilities. We first prove 
that conservative player’s lower and upper value coincide (Let us denote the value by V). Such a result connects 
the robust Dynkin game with second-order doubly reflected backward stochastic differential equations. Also, we 
show that the value process y is a submartingale under an appropriately defined nonlinear expectation £_ up to 
the first time r* when V meets the lower payoff process L. If the probability set V is weakly compact, one can 
even find an optimal triplet (P*,r*,7*) for the value Vq. 

The mutual singularity of probabilities in V causes major technical difficulties. To deal with them, we use 
some new methods including two approximations with respect to the set of stopping times. 

Keywords: robust Dynkin game, nonlinear expectation, dynamic programming principle, controls in weak 
formulation, weak stability under pasting, martingale approach, path-dependent stochastic differential equations 
with controls, optimal triplet, optimal stopping with random maturity. 


1 Introduction 

We analyze a continuous-time robust Dynkin game with respect to a non-dominated set V of mutually singular 
probabilities on the canonical space D of continuous paths. In this game. Player 1, who negatively/conservatively 
thinks that the Nature is also against her, will receive the following payment from Player 2 if the two players choose 
T G T and 7 G T respectively to quit the game: 

cr A7 

T) • / l{r<7}-^T 3” 1{7 <t}^7' 

^0 

Here T denotes the set of all stopping times with respect to the natural filtration F of the canonical process 5, and 
the running payoff g, the terminal payoff L < U are F—adapted processes uniformly continuous in sense of (HH). 

As probabilities in V are mutually singular, one can not define the conditional expectation of the nonlinear 
expectation inf Epf-l, and thus Player I’s lower value process V_ and upper value process V, in essential extremum 

sense. Instead, we use shifted processes and regular conditional probability distributions (see Section [LT] for details) 
to define 


W(a;):=sup inf inf Ep [i?‘’‘^(T, 7 )], Vt{u}):= inf inf sup Ep ri?*’‘^(T, 7 )], (t, w) G [0, T] x D. 

7GT* PG7^(i,cj) 7GT* tGT* 

Here T* denotes the set of all stopping times with respect to the natural filtration F* of the shifted canonical process 
B* on the shifted canonical space H*, 'P{t, cu) is a path-dependent probability set which includes all regular conditional 
probability distributions stemming from V (see (P2)), and i?*’‘^(T, 7 ) := + + 
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In Theorem oi we demonstrate that Player I’s lower and upper value processes coincide and thus she has a 
value process Vt(uj) = Vf(uj) = Vt{uj), (t,a;) G [0, T] x n in the robust Dynkin game. We also see in Theorem 14.II that 
the first time r* when V meets L is an optimal stopping time for Player 1, i.e. 

Vb=inf inf Ep[i?(T*, 7 )], ( 1 . 1 ) 

'yGTFeV L \ 

and that processes Vt + ggds, t G [0,T] is a submartingale under the pathwise-defined nonlinear expectation 
:=^ inf (t, w) G [0, T] X D up to time T*. 

Since a Dynkin game is actually a coupling of two optimal stopping problems, the martingale approach introduced 
by Snell [SS] to solve the optimal stopping problem was later extended to Dynkin games, see e.g. |151 ITTl [T1 H51H5] . 
In the current paper, we will adopt a generalized martingale method with respect to the nonlinear expectations 
The mutual singularity of probabilities in V gives rise to some major technical hurdles: First, 
no dominating probability in V means that we do not have a dominated convergence theorem for the nonlinear 
expectations £_. Because of this, one can not follow the classic approach for Dynkin games to obtain the ^—martingale 
property of V. + gsds. Second, we do not have a measurable selection theorem for stopping strategies, which 
complicates the proof of the dynamic programming principle. 

Our martingale approach starts with a dynamic programming principle (DPP) for process V. The “subsolution” 
part of DPP (Proposition 13.11) relies on a “weak stability under pasting” assumption (P3) on the probability class 
{P(t,a;)}(t tj)g[o_T]xn; which allows us to construct approximating measures by pasting together local e—optimal 
probabilistic models. We show in Section [5] that (P3), along with our other assumptions on the probability class, 
are satisfied in the case of some path-dependent SDEs with controls, which represents a large class of models on 
simultaneous drift and volatility uncertainty. We demonstrate that the “supersolution” part of the DPP (Proposition 
13.2|) by employing a countable dense subset T of T* to construct a suitable approximation. This dynamic programming 
result implies the continuity of process V (Proposition [Td]) , which plays a crucial role in the approximation scheme 
(to be described in the following paragraph) for proving Theorem 14.11 

The key to Theorem 14.II is the submartingality of process {Vt+ fg gsds}^^^^ up to r*. Inspired by Nutz and 
Zhang |50j’s idea on using stopping times with finitely many values for approximation, we define an approximating 
sequence of value processes P"’s to V by 

Vriuj) ■.= inf inf sup Ep [i?*’‘^(T, 7 )] < PRo;), (t, w) G [0, T] x D, 

Pg'P(t.i^) 7 eT* .rGr*(n) 

where T^(n) collects all T‘—stopping times taking values in {fV(*2“"T)}^_p. By (P3), Proposition 13.11 still holds 
for P”, which leads to that for any (5>0 and k>n, the process is an submartingale over the 

grid {i2“^T}?^Q up to the first time when P” meets L+S (see (lA.141) 1. Letting k^oo, n —>-00 and then e—>-0, 
we can deduce from lim f P” = P (Proposition [TH) and the continuity of P that the process {Vt+ fn gsds} , 

n—^oo _ ^ ^ 

is an submartingale up to r*. Theorem 14.11 then easily follows. It is worth pointing out that our argument does 
not require the payoff processes to be bounded. 

At the cost of some additional conditions such as the weak compactness of V and the stronger pasting condition 
of [56] (all of which are satisfied for controls of weak formulation, see Example 16.1|) . we can apply the main result of 
[7] to find in Theorem 16.11 a pair (P*, 7 *) G P x T such that 

Po = Ep. [i?(T*, 7 *)]. (1.2) 

Relevant Literature. Since its introduction by [TH], Dynkin games have been analyzed in discrete and continuous¬ 
time models for decades. Bensoussan and Eriedman HIIHIIS] first analyzed the games in the setting of Markov 
diffusion processes by means of variational inequalities and free boundary problems. Bayraktar and Sirbu in [4] had 
a fresh look at this problem using the Stochastic Perron’s method (a verification approach without smoothness). For 
a more general class of reward processes martingale approach was developed under Mokobodzki’s condition (see e.g. 
[IHlIinillllll]) and certain regularity assumption on payoff processes (see e.g. P51HT] 1. 

Cvitanic and Karatzas m connected Dynkin games to backward stochastic differential equations (BSDEs) with 
two reflecting barriers L and U. Along with the growth of the BSDEs theory, Dynkin games have attracted much 
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attention in the probabilistic framework with Brownian filtration, see e.g. [SU1301 HZl UHl ISUUHl 1331 [131 HSlE] • Among 
these works, nzmoiisiiiiiiiio] only require “L< U” rather than Mokobodski’s condition via a penalization method. 

In Mathematical Finance, the theory of Dynkin games can be applied to pricing and hedging game options 
(or Israeli options) and their derivatives, see [30113311331 [OH [OH [T7] and the references in the survey paper [40] . 
Also, [OH [0] analyzed the sensitivity of the Dynkin game value with respect to changes in the volatility of the 
underlying. There is plentiful research on Dynkin games in many other areas: for examples, [3111301 (2611291133] added 
stochastic controls into the Dynkin games to study mixed zero-sum stochastic differential games of control and 
stopping; [SH [33 EH [10] and [53 [n] studied some Dynkin games through the associated singular control problems 
and impulse control problems respectively; |62l 15411601142] considered the Dynkin games in which the players can 
choose randomized stopping times; and [niEI[I3[I31[II!l[2El[ini analyzed non-zero sum Dynkin games. 

However, there are only a few works on Dynkin games under model uncertainty: Hamadene and Hdhiri |29] 
and Yin [63] studied the Dynkin games over a set of equivalent probabilities, which represents drift uncertainty (or 
Knightian uncertainty). When the probability set contains mutually singular probabilities (or equivalently, both drift 
and volatility of the underlying can be “manipulated” against Player 1), Dolinsky [13 derived dual expressions for 
the superreplication prices of game options in the discrete time, and Matoussi et al. [45] related the Dynkin games 
under G—expectations (introduced by Peng [SH) to second-order doubly reflected BSDEs. 

In this paper we substantially benefit from the martingale techniques developed for robust optimal stopping 
problems by [35] [3] (which analyzed the problem when V is dominated), [T3] iV is non-dominated but the Nature 
and the stopper cooperate) and [50] [3] (in which V is non-dominated and the Nature and stopper are adversaries.) 
Especially the results of [3 are crucial for determining a saddle point. (The latter results also recently proved to be 
useful for defining the viscosity solutions of fully non-linear degenerate path dependent PDEs in [23). 

The rest of the paper is organized as follows: In Section 11.11 we will introduce some notation and preliminary 
results such as the regular conditional probability distribution. In Section [H we set-up the stage for our main result 
by imposing some assumptions on the reward process and the classes of mutually singular probabilities. Then Section 
[3] derives properties of Player I’s upper value processes and approximating value processes such as path regularity 
and dynamic programming principles. They play essential roles in deriving our main result on the robust Dynkin 
games stated in Section |4] In Section [5] we give an example of path-dependent SDEs with controls that satisfies 
all our assumptions. In Section (H we discuss the optimal triplet for Player I’s value under additional conditions. 
Section [3 contains proofs of our results while the demonstration of some auxiliary statements with starred labels (in 
the corresponding equation numbers) in these proofs are deferred to the Appendix. We also include in the appendix 
a technical lemma necessary for the proof of Theorem 14.11 

1.1 Notation and Preliminaries 

Throughout this paper, we fix dsN. Let stand for all valued positively definite matrices and denote by 

the Borel cr—held of under the relative Euclidean topology. We also hx a time horizon TG (0, oo) and 
let tG [0, rj. 

We set := {w G C([t, Tj;M'^) : a;(f) = O} as the canonical space over period [t,T] and denote its null path by 
0* :={w(s) =0, VsG [t, T]}. For any sG [t,T], ||w||t_s:= sup |w(r)|, VwGH* dehnes a semi-norm on D*. In particular, 

r-e[t,s] 

II • \\t^T is the uniform norm on H*. 

The canonical process B* of is a d—dimensional standard Brownian motion under the Wiener measure Pq 
of Let F‘ = {J-‘}.6[t,T], with Pi := o'[BI.; r G [L s]), be the natural hltration of B* and denote its 

Pg— augmentation by F* = }sg[t yj) where := and := [Af C : W C A for some A G 

plp with Pg(A) = O}. The expectation on (H‘,J^^,Pg) will be simply denoted by E*. Also, we let be the 
F‘—progressively measurable sigma—held of [t, T]xfl* and let T* (resp. T*) collect all F*(resp. F*) —stopping times. 

Given s G [t,T], we set Tf := {t gT* : t(uj) > s, V lo G H*}, Tg := {r G T* : r(w) > s, Vw G H*} and dehne the 
truncation mapping H* from D* to D'* by (H* (w))(r) :=uj(r) — uj{s), V (r, w) G [s, T] X D*. By Lemma A. 1 of [5], 


r(n‘)Gr,‘, Vtgtl 


(1.3) 
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For any <5 > 0 and w S , 

O^(uj) := {w' S ri* : IIw' — a;||t,s < is an measurable open set of fl*, (1.4) 

and (uj) := (uj'G fi* : ||w'—a;||t_s < <5} is an measurable closed set of (see e.g. ( 2 . 1 ) of 0 ). In particular, we 

_ 'J-' _ 

will simply denote Of (w) and Og (w) by Os{uj) and Os{u!) respectively. 

For any uGN and sG [t,T], let T*{n) denote all F‘—stopping times taking values in 

tf:=ty{i2-^T), i = 0,---,2", (1.5) 

and set 7^‘(n) :={rGT‘(n): T(a;)>s, VwGll*}. In particular, we literally set T‘(oo):=T‘ and Tf{oo):=Tf ■ 

Let tPt collect all probabilities on For any PGtPt, we consider the following spaces about P: 

1) For any sub sigma-field G of let L^(t/,P) be the space of all real-valued, C/—measurable random variables ^ 
with 11^11^1(0,p) := Ep[|^|] < 00. 

2) Let S(F‘,P) be the space of all real—valued, F‘—adapted processes {-Ys}sG[t,T] with all continuous paths and 
satisfying Ep[X*] < 00 , where X* := ||X||t_T= sup |Xs|. 

sG[t,r] 

We will drop the superscript t from the above notations if it is 0. For example, (fi, J^) = ($2°, J^). 

We say that a process X is bounded by some C > 0 if |W(w)| < C for any (t,a;) G [0,r] x Gl. Also, a real-valued 
process X is said to be uniformly continuous on [0,r] x Gl with respect to some modulus of continuity function p if 

|At^(a;i)-At 2 (a; 2 )|<p(doo((ti,a;i), (t 2 ,W 2 ))), V (ti,wi), ( 22 ,^ 2 ) G [0,T] x Gl, (1.6) 

where doo((ti,wi), (^ 2 ,^ 2 )) := |ti-t 2 | + ||wi(-Ati)-W 2 (-At 2 )||o,T- For any tG [0,r], taking ti=t 2 = t (|1.6D shows 
that |Al((a;i) —At(a; 2 )| <p(||wi —CLi 2 ||o,t)’ <j-'i,a; 2 Gf 2 , which implies the measurability of Xt- So 

X is indeed an F—adapted process with all continuous paths. 

Moreover, let 911 denote all modulus of continuity functions p such that for some C>0 and 0 <pi<p 2 , 

p{x)<C{x^^\/x^^), Va:G[0,oo). (1.7) 

In this paper, we will use the convention inf 0 := 00 . 

1.2 Shifted Processes and Regular Conditional Probability Distributions 

In this subsection, we fix 0<t<s<T. The concatenation of an wGlI* and an ujGGI'^ at time s: 

(w (g)g uj) (r) := uj{r) -k (a;(s) -f w(r)) l^rGfs.T]}, Vr G [t, T] 

defines another path in Gl*. Set a;(8)s0 = 0 and w( 8 )sA:= {wGigW: wGA} for any non-empty subset A of Gl^. 

Lemma 1.1. If A G then w 08 12® C A for any to G A. 

For any J"*—measurable random variable rj, since {w'gH* : ri{uj')=r]{to)} GXf Lemma [LT] implies that 

uji^sGl^ C {to' gGI* : p{to')=r]{to)} i.e., piuj ®sU}) = p(uj), VtoGGl". (1.8) 

To wit, the value p{to) depends only on w|[t_s]. 

Let uoGGI* ■ For any Ac 12* we set A®’"^ := {wG 12® : oj^bLO G A} as the projection of A on 12® along to. In particular, 
0®-“^ =0. Given a random variable ^ on 12*, define the shift of ^ along a;|[t_s] by C’‘^(^) :=C(w( 8 )gaj), Vw G 12®. 
Gorrespondingly, for a process X = {Xr}re[t,T] on 12 *, its shifted process X®’*^ is 

X®’“(r,w) := (X^)®’‘^(w) =XdwG)sw), V(r,5) G [s,r] x 12®. 

Shifted random variables and shifted processes “inherit” the measurability of original ones: 
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Proposition 1.1. LetO<t<s<T and uj G id*. 

{!) If a real-valued random variable f on il* is P*—measurable for some r G [s,T], then is Pf — measurable. 

(2) For any n S N U {oo} andrGP^fn), if T{uj®sil‘‘)<G[r,T] for some rG[s,T], then P'^GTf{n). 

( 5 ) Given T gT* , if t{uj)<s, then t{uj'S is il‘^)=T{uj); ifT(uj)>s {resp. >s), then T{ujSsdj)>s {resp. >s), VwGil® 
and thus 

(4) If a real-valued process {Xr}re[t,T] isF*—adapted {resp. F*—progressively measurable), then isF^ —adapted 
(resp. F^ —progressively measurable). 

Let In light of the regular conditional probability distributions (see e.g. [58]), we can follow Section 2.2 

of [3 to introduce a family of shifted probabilities {P^’“}i.jgn* CtPs, under which the corresponding shifted random 
variables and shifted processes inherit the P integrability of original ones: 

Proposition 1.2. (!) It holds for Fq— a.s. ujGH* that (Pq)*’"^ =]Po' 

{2) If f,GL^{P^,F) for some FG'd^t, then it holds for F—a. s. ujGH* that GL^{Pf^,F‘^'^) and 

=Ep[e|J-*](a;)eR. (1.9) 

(5) //X£S(F*,P) for some FG^t, then it holds for F—a.s. coGil* that X^’‘^ G S(F®,P®’‘^). 

As a consequence of (jnj), a shifted Pq— null set also has zero measure. 

Lemma 1.2. For any Af G ./F , it holds for Pq— a.s. oj G il* that G . 

This subsection was presented in [5] with more details and proofs. In the next three sections, we will gradually 
provide the technical set-up and preparation for our main results (Theorem 14.11 and Theorem 16.11) on the robust 
Dynkin game. 


2 Weak Stability under Pasting 


To study the robust Dynkin game, we need some regularity conditions on the payoff processes. 

Standing assumptions on payoff processes {g,L,U). 

(A) g, L and U are three real-valued processes that are uniformly continuous on [0,r] x it with respect to the same 
modulus of continuity function po and satisfy Lt{oj) < Ut{u}), V {t,uj) G [0,T] x it. 

For any {t,uj) G [0,T] x it and s,s' G [t,T], we technically dehne i?(t, s, s', w) := gr{oj)dr-\- l{s<s/}Ls(a;) -I- 


L{s'<4 


Us'iuj). By (HH]), 


/ sAs' 

\gr{u}i)-gr{u}2)\dr+l{s<s'}\Ls{cvi)-Ls{u}2)\ + 'i-{s'<s}\Us' {uJi)-Us' {u}2)\ 

< (l-bsAs'-t)po(||wi-a;2||o.sAs')’ Va;i,W 2 eD. (2.1) 

Let the robust Dynkin game start from time tG [0,T] when the history has been evolving along path w|[o,t] for 
some to Git. Player 1 and 2 make their own choices on the exiting time of the game. If Player 1 selects t G T* and 
Player 2 selects 'j G P*, the game ceases at rAy. Then Player 1 will receive from her opponent an accumulated 
reward f^^'^gl’‘^ds and a terminal payoff (resp. U*’‘^) if r<7 (resp. 7<t). Here negative J^^^gl’‘^ds, or 
U*’‘^ means a payment from Player 1 to Player 2. So Player I’s total wealth at time rAy is 


jtjUJ 

rA-f' 


/ rA7 pT/\'y 

gl’‘^ds -\- -I- = J g\'‘^ds -\- l{.r<7}^rA7 + l{7<T}t'*A 

Since Proposition ll.il 141 shows that L*'^ and U*’‘^ are F*—adapted processes with all continuous paths, 

R*’‘^{t,^)gP*^,, Vr, 7 er‘. ( 2 . 2 ) 

Also, it is clear that 

(i?*’‘^(T,7))(w) = i?(t, r(w),7(w),a;(g)t w), WujGit*. (2.3) 
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Next, we define dit := {—Lt) V V 0, t S [Oj?"]- By (11.61) . one can deduce that 


l'f't(wi) —'I't(a;2)| < po(ll<j-’i~^2||o,t)’ Vwi,W2Sfl; 

(For the reader’s convenience we provided a proof in Section l7.H i 
It is clear that 


(2.4) 


A7 

+ V(t,a;)G[0,r]xfl, Vr, 7 G'r. (2.5) 

The following result shows that the integrability of shifted payoff processes is independent of the given path 
history. 

Lemma 2.1. Assume (H). For any t€[0,T] ondPGtPt, i/G S(F*, P) and Ep< oo/or some w G fl, 
then 41*’“ gS(F‘,P) andEp |ds<oo for all w'Gfl. 

We will concentrate on those probabilities P in tPt under which shifted payoff processes are integrable: 

Assumption 2.1. For any tG [0, r], tPt := |PGiPt: 41*’° gS(F*,P) and Ep Jj^|y*’°|ds < oo| is not empty. 


R 


^■Ar,7)|< J 


Remark 2.1. (1) // 41 G S(F,Po) and Epj, J’j'lysjds < 00 , then Pg G tp* for any t G [0,r]. (2) As we will show 
in Proposition [23 when the modulus of continuity po in (H) has polynomial growth, the laws of solutions to the 
controlled SDEs (|5.1I) over period \t,T] belong to tPt. 

Under (A) and Assumption 12.11 one can deduce from Lemma [2.II that for any fG [0,r] and PGtPt, 


4'*’“gS(F*,P) and Ep^ |g‘’‘^|ds < 00 , Vw G O. 


( 2 . 6 ) 


Next, we need the probability class to be adapted and weakly stable under pasting in the following sense: 


Standing assumptions on the probability class. 

(PI) For any t G [0,T], we consider a family {V{t,uj)}u,eQ of subsets of such that 


'P{t,aji) —'P{t,oj2) if <j-'i|[o^4] — co2|[o,t]. (2.7) 

Assume further that the probability class {V{t,uj)}(^t,uj)e[o,T]xn satisfy the following two conditions for some 
modulus of continuity function pg: for any 0<t<s<T,uj€fl and PGP(t, w): 

(P2) There exists an extension (n*,F'',P') of (12*, J7,P) (i.e. and P'|_f^ =P) and 12' G F' with P'(12') = 1 

such that P®’“ belongs to P{s,oj (Sh w) for any w G 12'. 

(P3) {weak stability under pasting) For any 6 G Q+ and A G N, let {Aj}j^Q be a F*—partition of 12* such that for 
j = l, • • •, A, AjCOg, (cjj) for some Sj G ((0, d](~lQ)u{(5} and ujjGkt*. Then for any P^- gP(s, w®tWj), / = 1, • • •, A, there 
exists a PGP(2,a;) such that 

(i) P(AnAo) = P(AnAo), VA G 

(ii) For any j = 1, • • •, A and A G F*, P(A n Aj) = P(A (~l Aj)] 

(iii) For any nGNU{oo} and pGT^, there exist pfGTf, j = 1, • • •, A such that for any AgF* and r G Tf{n) 


X 

E 

i=i 


lEp [1 (u 


A 

’E> 


))]<> ;ep 


^{bj^AnAj} 


sup 


Ep.[R*’‘"®‘-(^,p)]- 


gl:^{^)dr 


+ Po(< 5 ). ( 2 . 8 ) 


Remark 2.2. {1) By (12.71) . one can regard V{t,ui) as a path-dependent subset ofVjif In particular, P:=P(0,O) = 
V{0,uj), VwG12. 

{2) Both sides of (12.81) are finite as we will show in Section^ In particular, the expectations on the right-hand-side 

are well-defined since the mapping uj ^ sup Ej [i?®’‘^®‘“(<^, p)] is continuous under norm \\ ||t_T/or any nGNU{oo}, 

^GTRn) 


PGiPs and pGT^. 
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(5) Analogous to {P2) assumed in the condition (PS) can be regarded as a weak form of stability under pasting 
since it is implied by the “stability under finite pasting” (see e.g. {4-18) of I56f) : for any 0 < t < s < T, uj gD, 
¥GV{t,u!), SgQ+ and XgN, let {Aj}^^Q be a Tl—partition of Q* such that for j = 1, ■■■, X;-Aj C Og^{uij) for some 
G ((0, (5]nQ)u{(5} and uij G fJ*. Then for any ¥j G'P{s,uj GSudjj), j = ^, ■' the probability defined by 


X 

p(^)=p(7in A) + VEp 


i=i 


VAgT^ 


(2.9) 


is in Pit, ui). 

As pointed out in Remark 3.6 of [15] (see also Remark 3.4 of |S]), (12.91) is not suitable for the example of path- 
dependent SDEs with controls (see Section |S|). Thus we assume the weak pasting condition (P3), which turns out to 
be sufficient for our approximation scheme in proving the main results. 


3 The Dynamic Programming Principle 

Consider the robust Dynkin game with payoff processes (g, L, U) and over the probability class {P{t,uj)}(^t,ui)Glo,T]xn 
as described in Section H) If Player 1 conservatively thinks that Nature is also against her, then for any {t, ui) G 
[o,T]xn, 

Vf{uj) := sup inf inf Ep |'i?*’‘^(T, 7 )] and VAoj)'■= inf inf sup Ep ri?‘’“(r, 7 )] 

T-er* Ter* l \ PG-P(t.c^) 7er* ^-eT* ^ ^ 

define the lower value and upper value of Player 1 at time t given the historical path w|[o,t]- 

As we will see in Theorem 14.11 that V_ coincides with V as Player I’s value process V, whose sum with ggds is 
an submartingale up to the first time r* when V meets L. For this purpose, we derive in this section some basic 
properties of V and its approximating values including dynamic programming principles. Let (A), (PI) —(P3) and 
Assumption 12.11 hold throughout the section. 

For any {t,u}) G [0,T] x il, following [SDI’s idea, we technically define approximating value processes of V by 

VP(u;) := inf inf sup Ep[i?*’‘^(T, 7 )] < inf inf sup Epri?*’‘^(T, 7 )] = PAw), VnSN, (3.1) 
Pe-P(i.<^)7ervgr*(") PG'P(t.c^) 7er* L \ V / 

and set in particular Vf°{u}) := 

Let n £ N U { 00 }. It is clear that 

V'^(T,uj)= inf inf sup Ep[i?^’‘^(r, 7 )l = inf Ep^'^’‘^( r,T)1 = Lt(w), Vw G fl. (3.2) 

PeP(T.c^)7Gr^^gr-r(„) L v^V(T,u,) L V yj V y 

And we can show that 


-^i(a;)<Li(a;)<P”(w)<17t(w)<^t(w), V(t,w) G [0,r] x fl. 

For the reader’s convenience we provide a proof in Section l7.ll 

We need the following assumption on P^’s to discuss the dynamic programming principles they satisfy. 

Assumption 3.1. There exists a modulus of continuity function pi > po such that for any n G N U { 00 } 

|^t"(^i) ~ ^"(‘^ 2)1 < Pi(||wi — ay2||o,i)) VtG[0,T], Vayi,aj2Gn. 

Remark 3.1. IfV{t,uj) does not depend on uj for all t G [0,T], then Assumvtion \3. 1\ holds automatically. 

Remark 3.2. Assum,vtion \3. 1\ implies that P" is F— adapted for any n G N U { 00 }. 

We first present the sub-solution side of dynamic programming principle for P" ’s: 

Proposition 3.1. For any n G N U { 00 }, 0 < t < s < T and oj G kl, 




l{rA 7 <s}-R*’‘^(T: 7) + l{rA 7 >s} ((14") ’ + 



(3.3) 


(3.4) 


P”(w) < inf inf sup E] 

FeV{t,ui) 7Gr* .rer*(n) 


(3.5) 
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Conversely, we only need to show the super-solution side of dynamic programming principle for V°° = V. 
Proposition 3.2. For any 0 < t < s < T and uj G id, 


Vt{uj) > inf inf sup Ej 

Pe'P(t,uj) 7eT* tGT* 


A7<s 


7 ) + (VT + [ gl’^dr) 


As a consequence of Propositions 13.11 and 13.21 the upper value process V of Player 1 satisfies a true dynamic 
programming principle. 

We rely on another condition to further show the convergence of P" to V and their path regularities in the next 
two propositions. 


Assumption 3.2. For any a > 0, there exists a modulus of continuity funetion pa such that for any t G [0, T) 


sup sup sup Ep 
weo* ( 0 ) r^v{t,bj) ceT* 


pAS + sup I 

^ relC,{C+S)AT] 


Bi-Bl 


<pAA, V^e(o,T]. 


Proposition 3.3. Let n G'H, t G [0,T] and a > 0. It holds for any uj G O„(0) that 

Vt(uj) < VP(uj) + Pa{2 ”) -I- 2 '^(\gt{u})\ + Pa{T — t)) . 


(3.6) 


(3.7) 


Proposition 3.4. {!) For any n G NU {oo}, all paths of process P" are both left-upper-semicontinuous and right- 
lower-semicontinuous. In particular, the process V has all continuous paths. 

(2) For any (t, w) S [0,T] x it and P S V(t,uj), V^’‘^ G S(F‘,P). 


4 Main Result 


In this section, we state our first main result on robust Dynkin games. Let (A), (PI) —(P3) and Assumptions 12.ll 
10137] hold throughout the section. 

Given t G [0,T], set 7ft := {random variable ^ on D : G L^(J'|.,P), Vw G D, VP G V{t,uj)}. Clearly, 7ft is 

closed under linear combination: i.e. for any 7)^2 G Tf and 01,02 G K, oi^i -I- 02^2 G Tf. Then we define on 7ft a 
nonlinear expectation: 


^de](w) := inf Vw G D, G Tf. 

PeP(t,uj) " 

For any n G NU { 00 } and tgT, 

both Vfl and grdr belong to Tf. (4.1) 

(We demonstrate this claim in Section 17751 1 

Similar to the classic Dynkin game, we will show that V coincides with V_ as the value process V of Player 1 in 
the robust Dynkin game and that V plus gads is a submartingale with respect to the nonlinear expectation 

Theorem 4.1. Let {A), {PI) —{PS) and Assumvtions \2.1l \S.1\. fOI hold. 

{!) For any {t, uj) G [0, T] x il. 


Vt{uj):=Vt{uj) = Vt{uj) 

in the robust Dynkin game starting from time t given the historical path Moreover, 

V,{u;)= ir/iere :=inf (sG [t, T]: =L‘.-} gT*. 


(4.2) 


(4.3) 


{2) The F— adapted process with all continuous paths Tj := V) -|- Prdr, t G [0, T] is an submartingale up to time 
T* := = inf {tG [0,T]: Vt = Lt} GT in sense that for any C,GT 


Tr.ACAt(w) (‘^)) (i-; ^ Pi d'] ^ 


(4.4) 
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5 Examples: Controlled Path-dependent SDEs 


In this section, we provide an example of the probability class w)}(t,a;)e[o,T]xn in case of path-dependent 

stochastic differential equations with controls. 

Let K>0 and let b: [0,T] ^ be a measurable function such that 


\b{t,oj,u) — b{t,uj',u)\<K\\u; — uj'\\o,t and | 6 (t, 0, u)| < k(1-|-|u|), 'i uj,uj' (t, u) S [0, T] x ^ 


Tjdxd 


Fix t G [OiT]. We let collect all valued, F*—progressively measurable processes {/rs}sg[t,T] such that 
IMsI < k, ds X dPp— a.s. Let wen, b^'^{r,dj,u) := b{r,uj u},u), (r,ui,u) G [t,T] x fl* x is clearly a 

_^(R(ixd)^_^(R(i)_measurable function that satisfies 


\b*’‘^{r,uj,u)-b*’‘^{r,uj',u)\<K\\uj-uj'\\t,r and | 6 ‘’‘^(r, 0‘, u)| < K(l-|-||a;||o,t+|u|), Va;,a;'Gn‘, {r,u)€[t,T]x. 


T)dxd 


Given p, G a slight extension of Theorem V.12.1 of [53] shows that the following SDE on the probability space 


X. = 


b*’‘^{r,X,pr)drPrdBl, sG[t,T], 


(5.1) 


admits a unique solution which is an F*—adapted continuous process satisfying < oo for any 

p> 1 (or see the complete ArXiv version of [5] for its proof). 

Note that the SDE (15.11) depends on via the generator 6 *’“. Without loss of generality, we assume 

that all paths of are continuous and starting from 0. (Otherwise, by setting A/” := {w G D* : ^ 

0 or the path X*’^’^{uj) is not continuous} G ^ , one can take := \j^cXl’‘^’^, s G [t, Tj. It is an F*—adapted 

process that satisfies (EU and whose paths are all continuous and starting from 0 .) 

Applying the Burkholder-Davis-Gundy inequality, Gronwall’s inequality and using the Lipschitz continuity of b 
in w—variable, one can easily derive the following estimates for X*’‘^’^: for any p > 1 




and Et 


sup 

.re[t,s] 




<Cp\\u;-u:'fot{s-ty, Vw'gD, VsG[t,T], 


(5.2) 


sup 

re[C,(C+5)AT] 




< (/?p(||a;||o,t) for any F*—stopping time C, and (5>0, (5.3) 


where Cp is a constant depending on p, n, T and ipp : R+ —^-R^ is a continuous function depending on p, k, T (see the 
complete ArXiv version of |5] for the proofs of (15.2|) and (15.3|) ). 

For any s G [t,T], we see from |S] that Fl C :=|AcnG ^(A)g J"*!, i.e., 


(A) G T,, VA G Tl (5.4) 

Namely, is A*/A"*—measurable as a mapping from D* to Dehne the law of under Pg by 

p‘.“.^(A) := P‘ o (A*’‘^’'")“^(A), VA G 


and denote by the restriction of on 

Now, let us set V{t, uj) := Cfp*. 

Proposition 5.1. Let go be a modulus of continuity function such that for some w>l, po(<5) ^ k{1-\-5^), V(5 > 0. 
Assume that g, L, U satisfy (A) with respect to Qo and that Jg | 5 (( 0 )|dt < oo. Then for any (t, w) G [0, T] xil, we have 
V(t,uj)<Z‘^f And the probability class {P(Lw)}(i,a;)e[o,T]xn satisfies {P1) — {P3), Assumvtion \3.1\ - \3.2\ 

Remark 5.1. {!) When 6 = 0, Provosition 15.11 and the result (14.21) verify Assumption 5.7 of {particularly for 
t = 0). Then we know from Theorem 5.8 therein that in case of controlled path-dependent SDEs with null drift, 
Player 1 ’s value V is closely related to the solution of a second-order doubly reflected backward stochastic differential 
equation. 
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(2) Similar to |^, the reason we consider the law of under Pq over (t/ie largest a—field to induce 

Pq under the mapping rather than lies in the fact that the proof of Provosition \5.1\ relies heavily on the 

inverse mapping According to the proofs of Proposition 6.2 and 6.3 in m, since is an 

F*—progessively measurable processes that has only a.s. continuous paths, it holds for o.s. uj G Fl* that 

the shifted probability is the law of the solution to the shifted SDE (^and thus (P*’'^’^)*’"^ SP(s, w w)). 

This explains why our assumption {P2) needs an extension {fl*, E' ,¥') of the probability space {Qf,F^,¥). 


6 The Optimal Triplet 


In this section, we identify an optimal triplet for Player I’s value in the robust Dynkin game under the following 
additional conditions on the payoff processes and the probability class. 

(AO Let 3 = 0 and let L, U be two real-valued processes bounded by some Mq > 0 such that they are uniformly 
continuous on [0,T] x D with respect to the same po G 9^: that Lt{u)) < Ut{uj), y {t,uj) G [0,T) x ¥l, and that 
LT{iw) = UT{oj), VujGit. 

Also, let a family {7^t}te[o,T] of subsets Vt of tPt = fPt, t G [0,T] satisfy: 

(HI) V := Vo is a weakly compact subset of tPo- 

(H2) For any p G 201, there exists another p of 91t such that 


sup Ep 
(p.Cie-PtxT* 



sup 

r€lC,{C+S)AT] 


K-Bl\ 


< m, 


vt G [0,T), V5g (0,oo). 


In particular, we require pg to satisfy (11.71) with some C > 0 and 1 <Pi <P 2 . 

(H3) For any 0 <t < s <T, co G 21 and PgT^*, there exists an extension (D0.F',P0 of {2T,F^,¥) (i.e. and 

P'|_p^ =P) and 21' G V with P'(D0 = 1 such that P®’"^ belongs to Vs for any uj G 22'. 

(H4) Moreover, let the finite stability under pasting stated in Remark 12.21 hold. 

The next example shows that controls of weak formulation (i.e. V contains all semimartingale measures under 
which B has uniformly bounded drift and diffusion coefficients) satisfies (HI) —(H4). 

Example 6.1. Given £ > 0, let {’Pf}tg[o,T] be the family of semimartingale measures considered in \20f such thatVf 
collects all continuous semimartingale measures on (2l*,iF!f) whose drift and diffusion characteristics are bounded by 
t and \f2l respectively. According to Lemma 2.3 therein, {P/}tg[o,T] satisfies {HI), {H3) and (Hf). Also, one can 
deduce from the Burkholder-Davis-Gundy inequality that {7^/}tG[o.T] satisfies {H2), see the proof of ^ Example 3.3] 
for details. 

Remark 12.21 (3) and a revisit of Remark IS.H s proof show that the path-independent probability class {Vt}telo,T] 
satisfies (PI) — (P3) and Assumption 13.11 with pi = po, while Assumption 13.21 is clearly implied by (H2) with p„ = pg, 
Va > 0. So Theorem 14.11 still holds for the robust Dynkin game over {Vt}t£[o,T]- In addition, (HI) enables us to 
apply the result of [7] to solve (O. 

Theorem 6.1. Under Assumptions {A') and {H1) — {H4), there exists a pair (P*, 7 *) GVxfT such that Vo = 
Ep. [i?(T*, 7*)]. 

Remark 6.1. Theorem ]]. 1\ {1 ) and Theorem \6.1\ imvlv that 

Fo=Ep.[i?(T*, 7 *)] > mf Ep[i?(T*, 7 *)] > inMnfEp[i?(T*, 7 )] = Vo, 

which shows that Vg =jinf^Ep[i?(r*, 7 *)] =^g [R(t*, 7 *)]. Hence, we see that the pair (t*, 7 *) is robust with respect to 
¥gV, or (r*, 7 *) is a saddle point of the Dynkin game under the nonlinear expectation S)q. 


7 Proofs 

7.1 Proofs of technical results in Sections II.IL [2] and [3] 

Proof of Proposition [T7l] (2): Let nGN and rGT*(n). Assume that t{ujiS)s2V) C [r,T] for some rG [s,r]. For 
any f = 0, • • • ,2" such that = tV(f2“”r) >r, since r>s>t, one has r :=tV(i2“"T) = (tV(f2“"'T)) Vs = sV(f2“”r). 
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Setting A:={w'sf2‘: T{oj')<r}GP~, we can deduce from Lemma 2.2 of 0 that 

{w G fl® : T‘^'‘^{uj) < r } = {w G fl® : t{uj 08 w) < r } = {w G fl® : w (8)s w G ^} = G iF~. 


So T®’"^ is an F®— stopping time valued in {tV {i2 ”T) G [r, T]: i = 0, • • •, 2"} C {sV(i2 "T) G [r, T]: i = 0,- ■ 2"}, i.e. 
T®’“Gr/(n). 

For the case of n = oo, see Corollary 2.1 of [5]. □ 

Proof of (12.41) : Let t G [0,T] and a;i,a ;2 G ft. We see from (II.6|) that 


—Lt(aJi) < —Lt(a; 2 ) + |Lt(a;i) — Lt(a; 2 )| < 4 't(w 2 ) + Po(||wi —a; 2 ||o,t), 
and < Ct(a; 2 ) + |C/t(a;i) — 17t(a;2)| <'Lt(w 2 ) + po(||wi —a; 2 ||o,t)- 

It follows that 'Lt(wi) = ( —Lt(wi)) V Ut{u)i) V 0<'Lt(w2)+po(l|wi —W 2 ||o,t)- Then exchanging the roles of Wi and UJ 2 
proves (12.41) . □ 

Proof of Lemma 12.11 Let t G [0, T] and P G fPt. Suppose that G S(F‘, P) and Ep \gl’‘^\ds < oo for some 
wGll. Let uj' G n. For any (s,w)G[t,T] x 12*, (11.61) implies that 

\gl’‘^ (w)-g*’‘^(w)| = |g8(w'®tw)-g8(wC)tw)| <po(||w'(8)tW-w(g)tw||o,s) =po(||w'-a;||o,i), (7.1) 

so Er J^\gl’‘^'\ds<Ep J^\gl’‘^\ds + {T-t)po{\\u'-uj\\o,t) <oo . 

Proposition ll.il (4) shows that both and are F*—adapted processes with all continuous paths, so is 
the process V 17*’“' V 0, s G [t,T]. Similar to (17.11) . we see from (12.41) that 

<Po(l|w'~w||o,t)i V (s,w)g [t,T] X n*. 


It follows that Ep 

4'!’“' 

= Ep 

sup 4^*’“' 

Ejp 

sup 14'*’“! 




.se[t,T] 


-se[t.T] 


+ po(||w'-w||o.t) =Ep[4'i’“] +po(||a;'-a;||o,t) < oo. 


Therefore, 4)'*’“ G§(F*,P). □ 

Proof of Remark 12.11 (1): Let tG [0,T]. Proposition 11.21 implies that for Pg—a.s. a; G 12, 4'*’“ G S(F*, (Po)*’“) = 
S(F*,P‘) and 


pT 

' / rT \ t,Lu' 


' / rT \ t,ui' 


■ rT 


/ 5s‘''Ms = ]E(Pn)t,^ 

( / \ 9 s\ds] 

<E(pp)t,^ 

( / \ 9 s\ds] 

= Epo 

/ \ 9 s\ds 

Pt 

It 

\Jt j 

\Jo J 


Jo 



It then follows from Lemma ETT] that 4^*’°G§(F*, Pq) and Ept J)^| 5 *’°|(is<oo. Hence, Pg G iPt- El 

Proof of Remark 12.21 2) Fix tG[0,T] and let wi,W 2 G 12 , r, 7 GT*. By (12.31) and (12.IL 

|(i?‘’“i(r, 7 ))(w)-(i?*’“=(r, 7 ))(w)| = |i?(t, r(w), 7 ( 0 )), wiOiw) - R(t, t(w), 7 (w),a; 20 iw) | 

< (l+T)po(||a;i( 8 )tW —a; 2 ( 8 )ta;||o,T) = (l+T)po(||a;i —a; 2 ||o,t), Vw G 12 *. ( 7 . 2 ) 

Now, let a;Gl2, sG [t,T], n G NU { 00 }, PGiPs and pGT^. Given wi,aj 2 Gl 2 * and <rGT®(n), similar to (17.21) . 

< (I+r)po(||wGtWi-w®tW 2 ||o.s) = (l+T)po(||wi-w 2 |lt.s). (7.3) 

It follows that Ep[i?®’“®*“i (^, p)] <Ep[i?®’“®*“ 2 (^, p)]+(I+r)po(||wi-W 2 |ks)- Taking supremum over oGT®(n) yields 
that sup Ep(“?) p)] ^ sup Ep[i?®’“®*“ 2 (^, p)]+(I+T)po(||wi — W 2 |kT)- Exchanging the roles of wi and 

‘^eTRn) <ieT^{n) 

UJ 2 shows that the mapping u) —>• sup Ep[i?®’“®*“((j, p)] is continuous under norm || |kr and thus measurable. 
Next, let us show that both sides of (12.81) are finite: Let TGTf{n) and j = 1, • • •, A. By (12.51) and (12.61) . 






r . 1 


r r'^ 1 

Ep[lAn. 4 ,i?‘’"(r,p")] 

<Ep 


< Ep 


<E|i; 

|g*’“|ds + 4/:’“ 


< 00 . 
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On the other hand, given uj^Ar\Aj and ‘^GT®(n), taking (wi, 1 ^ 2 ) = (w,Wj) in (I7.3|) . we can deduce from (12.51) 


and (1^ again that 




It then follows that 


+(1+T)po(||5-w,||m)<Ep 




+ (l + r)po(< 5 ) '■=aj <00. 


Ep 


l{2eAn.Aof sup Ep^[i?''’“®*“((r,p)]+ / gl’'^{u})dr 
\?€r^(n) Jt 


— Ep 


^AnAjJ \9y\dr 


< 00, 


as well as that 
Ep 


l{2eAn.4j}( sup Ep. [R^’‘^®‘“(<j,p)]+ / gl’‘^iuj)dr 
\<?GT^(n) Jt 


> —Ef 


'^AnAjJ \gr’‘^\dr 


— ajF(Ar\Aj) > — 00 . 


Summing both up over j S {1, • • •, A} shows that the right-hand-side of (12.81) is finite. 

3) The proof of Remark 3.3 (2) in has shown that the probability P defined in (12.91) satisfies (P3) (i) and (ii): 
P(a 1 (d Alo) =P(^n Alo), VAg J'y, and P(a 1 (d Alj) =P(A(d Alj), Vj = l,---,A, VAeJ"!. To see P satisfying (j2.8l) . let 
us fix n G N U { 00 } and p G T®. We set p" := p(n‘), j = l, • • •, A, which are of by (|1.3I) . 

Let AgAI and TGTs{n). Given w G fl*, Proposition 1 1.1 1 f2l shows that r®’“ G 'T^{n). Since the F—adaptness of 
g and (11.81) imply that 

gr{uj = gr{uj), VrG[0,t] and ((w w) Os 0®) = Ot w), VrG[0, s], (7.4) 

we see from (j2.3p that for any a) G O® 

{R*’‘^{T,pj)y’‘^{Q) = p"))(w Os w) = i?(t,T(a;Os w),p(n‘(w Osw))),wOt (w Os w)) 

= R(s,t®’“(w), p(w), (w Oi w) Os w)+^ 5r((w Ot w) Os w)dc= (i?®’“®*“(T®’“, p))(w)-f^ gr{uj ®tdj)dr. (7.5) 

By Lemma fTTl {A d -4^)®’“ = fl® (resp. =0) if ui G An Aj (resp. ^ AnAj). Then (|7.5I) leads to that 




r 



/ 


pS \ 

l{wGAn^j}l{2e.Aj/}Ep^., 

yR (t, pj )j 

= Ep 

l{wGAn^j} ( Ep^. 

R®’‘"®‘“(r®’‘",p) 

+ j^ yj-{u)dr^ 


sup Ep^ [i?®’“®*“(c, p)]-f / gl'^{u})dr 
\i;eT‘(n) Jt 


Ep[l.4n^.R‘’“(T,p7)] = ^Ep 
i'=i 

i'=i 

^ Ep 

^<;eTd".) Jt 

Taking summation over j G {1, • • •, A} yields (|2.8I) . 

Proof of ()3.3I) : Let (t, w) G [0,T] x fl. Since the measurability of Lt, Ut and (11.81) show that 

iui) = Lt{oj ®t^) = Lt{uj) and Ul'‘^{ lo) = Ut{ijJ ®tdj) = Ut{ijj), 'iujG^^. 

it holds for any TGT*{n) that i?*’‘^(r, t) = = [/((w). So 

VI"(w) < inf sup Ep[i?‘’‘^(r, t)l < inf EpTC/Rw)] = C/Rw) < diRw). 

PeP(t.c.)^g7-‘(n) revit,u:) l v /j 


□ 


( 7 . 6 ) 


On the other hand, since t G T*{n) and since i?*’“(t,7) = l{t<-^}L(’“-)-l{.y<t}C/*’‘^ = L(’“ = Lt(w) for any 'jGT*, 
VA(uj)> inf inf Ep[R*’‘^(t, 7 )l = inf Ep(LR o;)] = LRw) >-^-Rw). □ 

Proof of Remark l3.lt FixnGNU{oo}. Let tG [0,T], a;i,a; 2 Gn, PgPj and r, 7 GTb By (17.21) . Ep[ i7*’‘^Rr.< 
Ep[i?‘'‘^ 2 (r, 7 )] -|-(l-|-r)po(||wi ~W 2 ||o,i)- Taking supremum over r G T*(n), taking infimum over 7 G T* and then 
taking inhmum over FGVt yield that V)”(a;i)<V)"(a; 2 )-l-(l-l-T)po(||wi—a; 2 ||o,t)- Exchanging the roles of oji and UJ 2 , 
we obtain (| 3 . 4 I) with pi = (l-|-T)po for each n G NU {00}. □ 
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7.2 Proofs of the Dynamic Programming Principles 

Proof of Proposition [3711 Fix n G NU {cxj}, 0<t<s<T and ujGD,. 

1) When t = s, since P" is F—adapted by Remark [3^ an analogy to (17.61) shows that = F”(<, a; (g)t w) = 

Vwen*. Then 

mf inf sup + = inf Ep[P"(a;)] = l/-(a;). 

Pe'P(t,w)7Gr* T-er*(n) L ^ I / j p^-p{t,Lj) 

2) To demonstrate (13. Sp for case t<s, we shall paste the local approximating F—minimizers of according to 

{PS) and then make some estimations. 

2a) Under norm || • Ihr, since U* is a separable complete metric space, there exists a countable dense subset of 

n*. Fix £>0 and let (5 gQ+ satisfy pi(^)Vpo(<5)V((l+T)po(<J)) <e/5. Let jGN. By (jl.4l) . Aj :=0|(w‘)\( U 0|(a)‘,)) 
GJ"*. We can find a Pj GP(s, w wj) anday^GT'* such that 


U”(u; u}‘) > inf^ sup Ep^. (r, 7 )] - > sup Ep. (r, 7 ,)] - ^e. 


T'S'T'^ tGTHA 


(n) 


(7.7) 


Given uj G 0|(w*), an analogy to (17.31) shows that for any t G T’’{n) 

|R«’-®*=^{r,7fy-i?^’"®‘"^(r,7,)|<(l + r)po(l|53-S‘||,,,)<(l+T)po(^)<ie, 

so Ep^.[i?®’‘^®‘“(r, 7 j)] <Ep^.[i?®’“®*‘^ 3 (r, 7 j)]+e/ 5 . Taking supremum over rGT'*(u), we see from (17.71) and (13.41) that 

sup Ep^.[i?'*’‘^®“^(T, 7 j)]< sup Ep^.[i?'*’‘^®“^^ (r, 7 j)] + -^e<fy”(w®tw‘)+^e<U"(a;®tw)+pi(||a;®tW-a;( 8 itw‘||o,s)+^e 
' ' ' ' D D D 


reT^in) 


reT^in) 

= (U")*’-(5)+pi(P-S*||*.«) + ^e<(fy")‘’-(S)+pi(5) + ^e<(U-)*’-(S) + ^£. 


(7.8) 


Next, fix P G V{t,uj), A G N and let Pa be the probability of 'P{t,uj) in (P3) for {(Alj, Wj,Pj)}^_^ = 
{(Alj,5,a)‘,Pj)}'^_^ andAlo:=( U Then we have 

%[e]=IEpK], VeGLi(J-‘,PA)nLi(j-‘,P) and EpJU„e] =IEp[ 1 . 4 oC], VeGLi(J-^,PA)nLi(j-^,P). (7.9) 
Also, in light of (12.81) and (17.81) , there exist p" G 7^*, j = 1, • • •, A, such that for any A G J"* and r G 7^*(n) 


^E5jl^n.A,i?‘’"(T,p”)] < ^Ep fysGAnXuf sup Ep, 7,)] + 

j=l j=l L V^GTNn) Jt 

i{{vry’-+l\i’-dr) 


+M^) 


^ Ep 


>-.41-1.4? 


2b) Now, let 7 GT* and TGT*{n). Applying (j7.10l) with A = {tA 7 >s}g 7 ^*, one can show that 


^EpJl{,^^>,}n.4,i?‘’‘"(T,p)‘)] < IEp[l{xA7>Un.4s((K”)‘’“+ f 9r’‘^dr) 
i=i dt 


+ e. 


(7.10) 


(7.11*) 


We glue 7 with {pf}j^i to form a new F*—stopping time 


7a •— 1{7<s}7T1{7>s} 


lplo7+Xl 


P, 


1=1 


(7.12*) 


Since 7 a>s>t on { 7 >s}n{r<s}, ( 12 . 21 ) shows that 


1{tA7<s}-R*’'^(i‘) 7 a) — 1{7<s}-R*’"^(i') 7 ) + l{7>s}n{T<s} ^ 9*s’‘^ds + L{^^) — l{T-^..y<s} 7 J*’‘^(T, 7) GTy 
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Then one can deduce from (I7.9|) . (17.111) . (12.51) 3ind thcLt 


7 a)] — [(l{rA7<s} + l{rA7>s}n.Ao)-^*’'^('^i 7 )] {TA7>s}nyt3 ('''i Pj)] 

1=1 

L{tA7<s}.R*’‘^(i‘: 7) + 1{tA7>s} 9r’^dT^ + l{rA7>s}nAlo {t, ^) — {VpY’‘^ — dr^ 

L{rA7<s}^*’'^(i': 7) + 1 {tA7>s} + ^ 9Y‘^dr^ +1 ^ |g7"^|(ir + 24'7"^ 


< Ep 

< Ep 


+e 


Taking supremum over r G T* (n) yields that 

{rA7<s}^*’'^(i'i 7) + 1 {tA7>s}((K")*’'^+^ 9^^dr^ 
Then taking infimum over 7 G T* on the right-hand-side, we obtain 


sup E] 
rer‘(n) 


+ 2 ]Ep 


1.4o(^ \9Y"\dr+-^^^^ 


-l-e. 


14”(w)< inf sup E] 

7erVgr*(n) 


l{rA7<«}^‘’“(^^7) + l{rA7>s}((K”)‘’“+^%‘’“^^l-) 


H-2 ]Eip 




f 1971*+ft 


-l-e. 


Since U Aj= U Og{ui*) D U Oj{u}j) = rt* and since 


Ep 




<00 


(7.13) 


by (12.61) , letting A —>■ 00 , one can deduce from the dominated convergence theorem that 


b)"(^) — inf sup Ep 


l{rA7<s}^*’'^(l'i 7 ) + l{rA7>s}((i7i")*’”^+^ 9 Y‘^dr 


+ e. 


tGTHv 

Eventually, taking infimum over P G 'P{t,uj) on the right-hand-side and then letting e —>■ 0 yield p.Sp . 
Proof of Proposition [3T^ Let 0 ^ t ^ s ^ T and ccGll. It suffices to show for a given PGP(t,w) that 


inf sup Ep[i?*’‘^(T, 7 )] > inf supEp 
7eT* tGT* 76TVgT* 

Fix £>0. There exists a j = j{e)£T* such that 


L{rA7<s}^*’'^(i'i7) + l{TA7>s}(l^s gY‘^dr'j 


sup Ep[i?‘’‘^(r, 7 )] < inf sup Ep 7 )] -|-e/5. 

tGT* TeT* T-gT-t 


□ 


(7.14) 


(7.15) 


1) Set 7 ':= 7 VsG 7 /*. In the first step, we use a “dense” countable subset ofT^ and Provosition \1.2\ to show that 


PS q 

< esssupEp[i?‘’‘^(r, 7 ')|.P's]+-£, P—a.s. 
Jt reTS 5 


(7.16) 


As in the proof of [3 Proposition 4.1] (see part (2a) and (2c) therein), we can construct a dense countable subset 
r of T® in sense that for any 5 > 0, 7 G T'* and P G tPsj 


3{<iTt}neNCr such that lim J, <rn(w) = C(^)i VwGfl® and that P{<j„^(/„}<5, VnGN, 

n—foo 

where lb 2 -<c<d+i) 2 -}(^AT) gTA 

Since C(n‘)G7/* for any ^gT® by (|1.3I) . it holds except on a P—null set Af that 

Ep[i?‘'-(C(n‘), 7 ')|j-/] <esssupEp[i?‘’-(r,f)|j-*], VC G T. 

reTi 


(7.17) 


(7.18) 
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By ProDOsition ll.il (2'). 72 := . In light of (I1.9L there exists a P—null set M such that for any uj G A/’°, 

Ep[i?‘'‘"(C(n‘j,r)|j-‘](ih)=Ep..J(i?‘'‘"(C(n‘),f))*’"'l=Ep,,.[i?*>‘"®‘''(C,72)]+ f -7‘’“(w)dr, veer. (7.19) 


Here we used an analogy to dLS]) that 7 '))"’“^ 7 , 2 )+//ffr’‘^(w)dr. 

By (P2), there exist an extension (H*, P', P') of P) and H' e P' with P'(H') = 1 such that for any ui e H', 

e V{s,uj ui). Let JV be the J'y—measurable set containing AfUAf and with P(!/V') = 0. 

Now, hx w e H' n A/”'^ e P'. There exists a Cs e T® such that 


sup Ep.,.[i?«--®‘“(C,72)] <Ep.,4^'’"®*"(C2.72)]+e/5. (7.20) 

cer- 


As P^’‘^ GP(s,uj 0t uj), (12.611 shows that 


E™ 




< 00 . 


So for some fc >0, 


Eip 


1a( f + < e/5 for any A G P^ with P"’‘^(A) < 


(7.21) 


(7.22) 


Applying (j7.17D with (<5, C, P) = Csj : there exist such that J. (w) = ^2(2), weH® and 

that P'*’‘^{<r^ Y V/ceN, where 

Given fceN, (17.221) and (12.51) imply that 


Ep 




= E 


4 f>S,. 


< 2Etp 


L I DS,a;0tCL)//-fc \ -DS,u)<^tto (\ 

(C2>7sj--n G2>72j 




2 

<r’ 


which together with ()7.18l) and (17.191) shows that 

Ep... (Cl, 725)] < Ep.,. esssup Ep [i?*-- (r, ^) | J-f] (w) - f gl’^ (w)dr + 

tgTJ at o 

As one can deduce from C 2 = hm f C~ and the continuity of L that 

k—^oc 


i?^’"'®‘^(C2,72)< hmi?^’‘"®*=(C|,72), (7.23*) 

k—¥cc> 

(12.511 , (I7.21|) , the dominated convergence theorem and (I7.20|) imply that 

Fl’“(S)=F,(ccGtw)< sup Ep.,.[i?«'-®‘“(C,72)] <Ep.,.[i?«’-®‘-(C2,72)]+e/5 
CeT'* 

= hm Eps.ii fii®’‘^®‘“(C~, 72 )]+e/5<esssupEpri?‘’‘^(r,7')| J"*] (w)- / 5 ‘’“(w)(ir+^e, VujGD,' DAT, 
fc^oo ^g 7 -t ' J 5 

This shows Q.' f\N"^ G1 A ■.= P < esssupEp [i?*’‘^(r, 7 ') | J"*] + |e|. As Remark [32] and ProDOsition ll.il 

t i-eT;* ^ 

(1) imply that // gl:‘^dr= (Fs+ // grdrY’‘^ gP/, we see that AgP\ and thus P(A) =P'(A) >P'(fl' — 1- 

Therefore, (17.161) holds. 

Moreover, one can hnd a sequence {Tn}„gN in Tf such that 


esssupEpfi?*’‘^(T,F)|F *1 = hm t Epri?*’‘^(r„,7')| J"*], P—a.s. 

^ n—>oc 


(7.24*) 
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2 ) Next, let tgT* and nGN. Since 

•— l{TA7<s}'^'b l{rA 7 >s}"^n 

defines an F‘—stopping time, (17.161) and (13.31) show that 

Ep 1 {tA7<s}^*’“(G 7) + l{rA7>s} 9r'^ 

< Ep l{TA7<s}^*’'^('Pn, 7) + lA„n{rA7>s} ^Ep 70|-^s] 

where An := |esssupEp[i?‘’“(r,y')] J"*] <Ep[i?‘’‘^(Tn, 7 ')| J"*]+e/5| G J"* and 


(7.25*) 


+ ar, 


(7.26) 


:=Ef 


\9*r-\dr+^in 


Also, we can deduce from (12.5|) that 


Ep 


lA„n{TA7>s}Ep[i?*’‘^(Tn,7')|-^s] = Ep Ep (t„, 7') |= Ep [l^^n{nA7>s}R*’‘^(Tn, 7 )] 


= Ep [l{rA 7 >s}-R*’‘^('rn, 7 ) “ 1 A-n{TA 7 >s}('^n, 7)] < Ep [l{rA 7 >s}(Tn, 7)] +ar. 
which together with (17.2611 and ()7.15|1 leads to that 


Ep 


L{rA7<s}^*’”^('P:7) + l{TA7>s}(^s’ + 9r‘^dr^ 


< Ep[i?*’‘^(Tn, 7 )]+ 2 an + ^e < sup Ep[i?*’‘^(T, 7 )]+ 2 a„ + ^e 

O tST* a 

< inf sup Ep|'i?‘’‘^(r, 7 )] + 2 an+e. 

76 T‘ reT* 


Since lim f E(A„) = 1 by (j7.24L we see from (17.1311 and the dominated convergence theorem that lim ), a„ = 0 


and thus 


Ep 


L{TA7<s}-R*’“('r, 7) + l{rA7>s}(^s’ 9r‘^dr^ 


< inf sup Epri?*’‘^(T, 7 )] + e, (7.27) 

76 r* T-gr* 


□ 


Taking supremum over r G T* on the left-hand-side and then letting e —>■ 0 lead to (17.141) . 

Proof of Proposition [3731 Let n G N, t G [0,T], o > 0 and w G 0^(0). 

2 " 

We fix PGP(t,a;) and 7 ,TGT‘. Set as in (11.511 and define :=l{n=t}i+^ Oae 

i—1 

can deduce that 

pTn A 7 

R*’-(T,7)-R‘’"'(r„,7) =- / (4’-+ ([/*■--!/.;■“) 

J rA-y 

(>t„A7 2" 

= - / + ,<.<7<*n(4’"-C^7’"))- (7-28) 

7tA7 ^ ‘ ^ 

Given i = 1, • • • ,2”, (11.61) shows that for any w G < t < t” < 7 } 

|L^’‘^(w)-L*j.“(w)| = |L(r(w), w( 8 >tw) -L(t”,a;( 8 >tw) | < po ((^"-''■(w)) + sup |(a;®(a;)(rAr(w))-(a;®tw)(rAt”)|^ 


<Poh ”+ sup |a;(r)-w(T(w))|') <pof2 ”-f 

V ^^l-r-fTTA +nl / \ 


r‘e[r(a;),i^] 

Similarly, it holds for any w G {tf_i < r < 7 < t"} that 
|G*’‘^-G*’‘^|(w)<po(( 7 (w)-r(w))-f sup |w(r)-w(T(w))|') <po(2””-f 


re[0,T] 

sup 


i?*(5)-R*(5)|). (7.29) 


sup 

T(uj)<r<{T(uj)-\-2~^)AT 


R‘(2)-i?‘(C)| . (7.30) 


r-e[T(w), 7 ((^)] 

Moreover, another analogy to (17.291) shows that for any (s,w) G [t,T] x fl* 

| 5 s‘^(w)- 5 t(w)|<| 5 (s,a;®tw)- 5 f(t,a;)|<po(s-t-f sup \ui{r)\) < po(T-t+ sup |R*(w)-RJ(w)|), (7.31) 

rG[i,s] ^ ^ r(z\f T"! / 


r-e[i,T] 
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where we used the fact that Sj = 0 in the last inequality. Plugging (17.291) — (17.311) back into (I7.28P leads to that 

\gt{u))\+po(T-t+ sup |B*(w)-Bj(a;)|') +po(2“”+ sup |S*-B‘|y 

^ i-e[t,T] ^ rg[r,(T+2-")AT] ^ 

Taking expectation Ep[ ], we see from (13.61) that 

Ep[i?*’-(r,7)]<Ep[i?‘'-(r.,7)]+/:< sup Ep 7 )] 

T'er*(n) 

where /” :=pQ(2“”) + 2 “"(| 5 ((a;)|+/ 9 Q(T—t)). Taking supremum over r G T* on the left-hand-side yields that 

supEp[i 7 *’‘^(r, 7 )] < sup Ep 7 )]-k/^. 

TeT*(n) 

Eventually, taking infimum over yGT* and F G 'P{t,uj) leads to (13.71) . 


□ 


Proof of Proposition 13.41 Fix n G N U { 00 }, to G Ft and set a := 1-I-||w||o,t- Let 0 < t < s < T such that 
St,s'={s — t) V sup \uj{r') — Lu{r)\<T. 

t<r<.r'<s 

la) ITe first utilize Provosition \3.1\ and (13.61) to show that 


P”(w)-P"(a;)<(s-t) sup \gr{u})\ + (2 + s-t)pai6t^s)- 

re[0,T] 


(7.32) 


Let FGP{t,oj). Applying (13.51) and taking 7 = 5 show that 


P”(w)-P”(a;) < sup Ep 

reT*(n) 

= sup Ep 

TeT*{n) 


s) -h lir>s} f al'^dr) 

/ tAs 

gl’^dr 

Then, let r G T*{n). For any w G {r < s}, (11.61) implies that 




(7.33) 


\L*'A{oj) — L^s^{uj) \ = |L(r(a;), w (g)* w) — L(^s,uj 0* w) | <po( (s —i)+ sup |a;(rAr(a;)) — w(rAs 

^ rG[t,T] 

<Po(is-t)+ sup |a;(r)-w(T(w))|') <pof(s-0+ sup |S*(w)-B* (w)|). (7.34) 

re[r(Lj),s] ^ rG[T(a;),(r(a;)+s—£) aT] '' 

Similarly, using (11.61) again and applying (11.81) with p = g^ G Tt yields that for any oj G Ft* 


f'T{u))As 


gt’‘^{uj)dr 


< |ffr“(w)|dr<^ (|g‘’‘^(w)|-h|g‘’“(w)-gt’‘^(a;)|)dr 


< 


{s-t)+ sup \bI{w)-BI{w)\ ] ]dr. 

r£[t,s] 


(7.35) 


Also, (13.4p shows that for any ojGFI*' 

|L;"(w)-(F”)*’‘^(w)| = |l/"'(w)-E”(s,a;®t w)| <pi(||a;-a;®t w||o,s) =Pi( sup |w(r)-a;(t)-w(r)|') 

'^rG[i,s] ' 

<pi{ sup |a;(r) - w(<)|-h sup |w(r) j) < pi ((5t,s + sup \bI{u)) - BI{u})\\. 

'^rG[i,s] J"G[i,s] ' ' rG[t,(t-|-(5t,s)AT] ^ 

Since |lw||o,t < l|w||o.T < cx, we can deduce from (I7.34p . (17.351) . (13.3p . (13.61) and (17.361) that 


(7.36) 


Ep 


/ tAs 


dr 


-{s-t)\gt{uj)\ 


<Ep 


l{r<s}Ls‘^ + l{r>s}(f4")*’^“K"(‘^)+Pl ((s —i)+ SUp | i?* — il* |')-|-(s — t)pi f (s — t)-|- SUp | B* — Sj | 

r€[r,(r+s —t) AT] ' ^ ' 


<Ep[(E”)‘’‘"-P”(c^)] +(l + s-t)p„(s - t)<i2 + s-t)p^{St,s)- 
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Taking supremum over r G T^{n) on the left-hand-side, we obtain (17.321) from (I7.33p . 
lb) Next, we show that for V the inequality (I7.32p can be strengthened as 

\Vsiuj)-Vt{uj)\ < {s-t) sup \gr{uj)\ + {2 + s-t)pa{6t,s)- 

re[0,T] 


(7.37) 


Fixe>0. We can find a P = P(e)G7^(t,a;) such that yt(a;)-|-e/2> inf sup Ep 7 )]. By (I7.27p . there exists 

some 7 = 7 (e)£T‘ such that 


Ep 


7) + 1{tA7>s} 9l’‘^ 


< inf sup Eprii‘’“(r, 7 )] -I- e/2, VtgT*. 
76 r* reT* 


In particular, taking r = s on the left-hand-side gives that 


Rt(a;)-|-e>Ei 


/ \ 1 r 


(7.38) 


An analogy to (I7.34p and (I7.35I) shows that 

m’‘^(w)-G/’“(w)| < po({s-t)+ sup 

^ rG[7(ii>),(7([i>)-|-s—t)AT] 


BI{uj)-B^uj)\^, VwG{ 7 <s} and 
[ 5 r‘^(w)dr < (s-t)(|gt(a;)|-fpo((s-t)-f sup |R/(w)-RJ(w)|)'), Vw G 


As ||w||o,t< Iloilo, t<Q;, plugging them back to (|7.38ll and applying (|7.36|l with n = oo, we can deduce from (I3.6|) and 
(I3.3I1 that 


■=Tt,UJ -TTT 


Rt(w) —Rs(w)-l-e-l-(s —t)|gt(a;)|>Ep l| 7 <s},[/*’“-|-l{ 7 >s}Rs —Vs{uj) —{l + s — t)pa{s — t) 

>Ep|17‘’‘^-Rs(w)] -(l-l-s-t)pa(s - t)>-(2 + s-t)pa{dt,s)- 

Letting e —)> 0 and taking (I7.32I) with n = oo yield (I7.37I) . 

Since limj, St s = lim). St,s = 0, we can deduce from (I7.32I) and (I7.37I) that each path of R" is both left-upper- 

t/^S ’ s\,t 

semicontinuous and right-lower-semicontinuous, in particular, each path of V is continuous. 

2 ) Given {t, uj) G [0, Tjxfl, Remark l3.2l ProDOsition ll.il (41 and Part 1 show that V is an F*—adapted process with 
all continuous paths. For any PG7^(t,a;), p.3l) and (12.61) imply that Ep <Ep[4i*‘^] < 00 . So GS(F*,P). □ 


7.3 Proofs of the results in Section [4] 

Proof of (14.11) : Fix nGNU{oo} and tgT. We let {t,uj) G [0, Tjxfl and PGP(t, w). Since Vif G Bt and fj grdr G Tt 
by Remark 13.21 Proposition [IT] (1) shows that both and yrdr)*’^ belong to 

1) If t := T(a;) < t, Proposition 11.11 (3) shows that = t. Applying (11.81) to p = VF £ F^c Ft and to 

p = j^grdr G F^C. Ft yields that for any w G fl* 

(F”)‘’‘"(w) = F” (T(w®t w), = F” (t, = F” (t, w), (7.39) 

and (/J' 5 r.dr)*’‘^(w) = fJ^‘^'^*‘^^gr(LU0tdi)dr = f^gr(cu0tdi)dr = f^gr(uj)dr. Both only depend on cu. 

2) Next, suppose that t > t. Proposition 11.11 (3) also shows that t(uj ®tdj) > t, ySo and that ( := is 
a r‘-stopping time. It follows that (F")‘’‘^(w) = F”(T(a;®tw), w) = F”(T‘’‘^(5),a;®tw) = (F”)*’"^(C(w),w), 

By the first equality of (17.4L we also have grdrY''^gr{(jJ^fv)dr=Jggr{uj)dr+J^^‘^^gl’‘^{uj)dr. 

Then (13.31) and (12.61) imply that 


Ep 


(F”)‘’‘"| + 



(F»)i.- 




+ f |gr(w)|(ir<Ep 

Jo 





dr 


+ \gr{u})\dr<oo. 

Jo 
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Proof of Theorem I4.lt Define Tt:=Vt + j^grdr, t G [0,T] as in Lemma rA.il 

Given (t, uj) G [0, T]xfl and n G N, since Remark [3.21 Proposition ! 1.1 1 and Proposition l3.4l show that 
is an F‘— adapted process with left-upper-semicontinuous paths and that V ' —is an F‘— adapted process with 
all continuous paths, we can deduce from (13:^ that 

T(’;;^):=inf{sG[t,r]: (F")*’-VJ>0 

are all F‘— optional times and that 

:= inf {s G [t, T ]: } = inf {s G [t, T] : < L^r ] 

is an F*— stopping time. 

1) Let {t, uj) G [0, T] X n and 7 G T‘. Since 7(11°) G 7t by (11.31) . Taking t' = t and ( = 7 ( 11 °) in (IA.1|) of Lemma [Ol 
shows that 


Vt(uj) + / gr{<jj)dr = < inf Ep 

Jo PeP(t,aj) 

For any w G fl*, (13.31) and the first equality in (17.41) imply that 


;„)(n?)A7(n?))vt 


t,L>J 


(7.40) 


("^(^(7 )(n?)A 7 (n?))vt) ' (‘^) = ^(('^rt,a;)(n?(w( 8 )tw))A 7 (n°(a;(g)ta;))) V =T(r()_^)(a;)A 7 (a;), wGto;) 




= F‘’‘^(T7^)(w)A7(a;),a;)+ / gr{uj‘SitUj)dr 

Jo 

— ’ ( 7 (^) 5 ^)+/ 9r 

J 0 

= (i?‘’“(T()_^),7))(w)+ / gr{to)dr. 

Jo 


ro,. 

{uj)dr+J 




gl'^{d})dr 


Plugging this into (I7.40p yields that Vt(uj) < inf Ep ,, 7 ) . Taking infimum over j G T* leads to that 

P&'P{t,uj) L ' D 

Ft(w)< inf inf Ep[ii*’“(T7 ^, 7 )] < sup inf inf Ep[i?*’‘^(r, 7 )] =Fj(a;)<Ft(a;), proving (g^])- 

2) Let C&'T' and (t, w) G [0,T] x fl. If t:=T^{uj)A({uj)<t, similar to (I7.39p . we can deduce from Proposition ll.il (31. 
the F—adaptedness of T by Remark as well as (11.81) that (T^^/\j)*’‘^(w) = T(t,w), VwGn*. Then 

^jTr.Ac](‘^) = inf Ep['(T.r.Ac)*’'^j = inf Ep[T(f,a;)] = T(f, w) = T(t*(w) A C(w) A t,w). (7.41) 

L revlt,uj) P ^ J ¥ev{t,uj) l j \ y \ / 


On the other hand, if t*(w) A({uj)>t, applying Proposition ll.il 131 once again shows that wOtO* C {r* A(>t}. So it 
holds for any w G O* that ’”^(w) = Tr.Ac(^®ti^) =T7(r.AC)vt(wOtw) = ’“(w). Asn = 

taking t' = 0 in (lA.ll) yields that 


''”(0.0) ~''”( 0 , 0 ;)’ 


Tr.ACAt(w) = Tt(w) < inf Ep {T(^r.AC)yt) 
rGVit,uj) L' ' ' 


t,UJ 


= inf Ej 
PeP(t,w) 


(T..ac)’" =^t[T..Ac](^), 


which together with (17.411) proves (j4.4L 


□ 


7.4 Proof of Proposition 15.11 

For any a,(5G(0,oo), we define $(a,7) := QQ{5+5^^'^)PK{l + 2'^~^5'^)ipi{a)5^^‘^. 

1) we first show that the probability class {P{t,uj)}(^t,ui)^[Q,T]xn satisfies (PI) and {P2). 

Let (t,a;)G[0,r]xO and/rG'^t. We set (P, p, A) := X‘’“’'^). Given wGO*, (gH) shows that 

|4'‘’°(A(S))-4',(0)| = |4',(0®tA(w))-^,(0)|<po(||OGtA(w)||o..)<«(l + l|4’(w)||?(',), VrG[t,r]. (7.42) 
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It follows that(A”(w)) = sup (w))| </c(l + ||A’(a;)||™y) + M(f, where 

re[i.T] 


sup |'I'r( 0 )| < oo by the 
r-e[t,r] 


continuity of path 'k.(O). Since is an F*—adapted process by Proposition 11.11 141. applying (15.31) yields that 


Ep[4-:’°]=Ep [^*/]=Et[^*/(A’)]<K(l+Et[||A’||^r])+Mo^<K(l + ^^(||a;||o.t) <^. 

Namely, 4'*’° G S(F*,P). Similar to (I7.42L one can deduce from (II.6p that \gl.’^{X{u}))—gr{Q)\ <K(l+||ff(w)||^^) for 
any rG [t,F]. Then Fubini’s Theorem and (15.31) imply that 

Ep / | 5 ‘’°|dr = Ep / |g*’°|fir = Et / \gl’°{X)\dr < k [ {l+Et[\\X\\^j])dr+[ \gr{0)\dr 

Jt Jt Jt Jt Jt 

<KT{l + ip^{\\uj\\o,t)T^^^)+J^ |5,(0)|dr<oo. Hence P G $t. (7.43) 

For any t G [0,T] and u!i,uj 2 G H with wi|[o,t] = W 2 |[o,t], since the SDE (15.ip depends only on a;|[o,t] for a given 
path w G H, we see that and thus for any g G It follows that P(t,wi) = 

'P{t,u! 2 )- So Assumption (PI) is satisfied. Also, Proposition 6.3 of [5] has already shown that the probability class 
{T’(f,a;)}(t,,^)g[o,T]xn satisfies (P2). 

2) The verification that the probability class {’P(t, w)}(t,(.j)e[o,T]xn satisfies (PS) is relatively lengthy. We split it into 
several steps. 

2 a) Let us first quote some knowledge on the inverse mapping of from m, which has already verified (PS) 

{i), (a) /or {T’(^,a;)}(t,,^)g[o.T]xn■ 

Given {t,u})G [0,T]xH and according to 0 (see the context around (7.62) and (7.63) therein), there exists 

an F‘—progressively measurable process such that for all ui G LI* except on a Pq— null set 


Bl{u) = Vs G [t,T], 

and that the probability of set {ui' gLI* : A/’/;^_^n(X‘’‘^’'')“^(w') 7 ^ 0} is 1, i.e., G :={Ag 

:pt.u>,u(^A) = 0}. For any r G [t, T], dOD and Lemma A.3 (2) of [5] show that 5'*’“^’^ C ■ 

We see from the context around (7.67)—(7.69) of [5] that W/’‘^’^(w) := l{ 2 gAt,„,^}bTr’‘^’^(w), (r, w) G [t, T] x is 

an {5^*’‘^’^}rg[t_T]~adapted process such that all its paths belong to LI*, that 

w = B*{dj) = W*’‘^’*^{X*'‘^'f^{w)) = W*’‘^’*^{X*’‘^’*^{d;)), Vw G (7.44) 


and that 


VA'g J-*, VrG [t,r]. 


(7.45) 


Fix 0<t<s<T, ujGLI and gG^t, bG Q+ and A G N. We consider a J"!—partition {Aj}j^Q of LI* such that for 
j = l,---,A, Aj COg.{uij) for some G ((0, 5]nQ)u{(5} andwjGfl*, and let {g^}j^^C'Ws- We will simply set 


(P,p,A,>V,^.) 


pt,UJ,fL 


(7.46) 


Given j = 1, • • •, A, (15.4p shows that Af := X~*^{Aj) G So there exists an Aj G P\ such that Af A Aj G 
(see e.g. Problem 2.7.3 of [36]). Following similar arguments to those used in the proof of Proposition 6.3 of [5], one 
can show that 

(ul) The set Aj ■.=Aj\ U Aj' GPl satisfies G (see (7.70) of [5]). 

(u2) The pasted control gr{u)) := l|,.gp_,)}/i^(S) + l{ 2 eA,}Pr(n* (w))), V(r,w) G 

[t,T] xLl* belongs to where Aq := ^ Aj'^ G Pi (see (7.71) of [5]). Set 


, p, X, W, , M) := {F*’‘^’P, p*’^A^ x*'^A^ _ 


(u3) There exists a Pq— null set Mj such that for any w G Aj DA/"/, 

A/s := {wG : Ar(a;(8)sw) ^ (w))(r) for some rG [t, T]} belongs to (see (7.78) of [5]). 





l.Jf. Proof of Provosition\5. 1] 


21 


(u4) For any A G Pi G (see (7.74) of [5]). 

Also, analogous to part (2b) of [SJ Proposition 6.3], we can use the uniqueness of controlled SDE (15.11) to show 
that the equality /r = /r over ([t,s] x fl*) U ([s,T] x Aq) implies the equality X = X over ([t, s] x fl*) U ([s,r] x Aq), 
and thus that P satisfies (P3) (i), (ii). 

2 b) To show that P satisfies (|2.8I1 , we make some technical setting and preparation first. 

Proposition [T^ (4) shows that yij: := yf := and yf := , r G [t,T] are three F*—adapted processes 

with all continuous paths. For £ = 1,2,3, (15.41) implies that y^{X) is an F —adapted process with all continuous 
paths. Applying Lemma A.2 (3) of [5] with (P, X) = (Pg,i3*) shows that has an (F*, Pq)— version 1 ^^. More 

precisely, are F*—progressively measurable processes such that 


Mr :=^U^{wS n*: f=y^[X{u})) for some rG [t, T]} 


(7.47) 


By Lemma [TT^ it holds for all u)GTf except on an MrGM' that (A/ijUA/’)*’‘^GM^*. 
We see from Proposition 11.11 (41 that the random variables 


sup 
t'e[t,T] Jf 


n(t'+2“"‘)AT 


\gl;‘^\dr, VtoGN 


(7.48) 


are measurable. Since lim ^m = 0, (12.611 and the dominated convergence theorem show that lim f Ejp[^m] =0. 

m—^oo m—>-oo ^ 

So there exists mGN such that <<5/2 and $(||a;||o,t, 2“'") <5/2. Set a:=2“'". 

Now, fix nGNU{oo}, pGT'^ and let / = 1, • • •, A. We set 




and define 


p,-.= p{XlGTl i/,:=p,(n‘)Grl, (7-49*) 

where is a 5 ^—stopping time that takes values in [s,r]. 

Given i = 0, • • •, 2™, we set Si:=s\/{i2~'^T) and Di:={si-i<lj<Si}G^si with s_i:=—1. By e.g. Problem 2.7.3 

2 ^ 2 ^ 

of [36], there exists an DiGPf such that Di A DiGXP^. Define 'Di\=Di\ U Di>GPl and 27:= U 27^= U DiGPf. 

^ ^ i—0 i—0 

Then 7 ' ‘=^i^Q is a 5^—stopping time while 7 ^- defines an T/—stopping time. Clearly, 

2 ^ 2 

7 ' coincides with 7 ,- over U (Di n27A, whose complement U (Di/Vi) belongs to because 

i=l ^ ' i—1 ^ ' 


A\7?* = An[(A)"u(77,.)] =(A\A)u(7.(A'nA))c(AAA)u(7.(A'nD/,))c7^(A'AA')eA^P. 


for f = 1, • • •, 2'". To wit, we have 


7j=7i, ?-a.s. (7.50) 

2c) Now, fix A G Pi T G Pffn) and set t:=t(A’). We show an auxiliary inequality: 

A A 

^Pp[lAin.Aj7? ’ (r, 7j)] +(5, (7-51) 

i=i i=i 

where 'M^dr + ' 

For any r G [s,T], an analogy to (|A.19I) shows that {T<r} = A“^({T < r}) G p\, So tgT\. By Lemma 2.5 (3) 
in the ArXiv version of [3, it holds for all ojGTT except on a Mr G that gT^. For / = 1, • • •, A, since are 
F‘—progressively measurable processes and since lyj is a Tg—stopping time, we see that 5j is an measurable 
random variable. 
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Let j = 1, • • •, A. By (17.SOL 

Given wSfi*, since 0 < 7 '(w) — 7 j (w) < a, (11.61) implies that 

r(2)A7'(2) 


i?*’-(r,7')(S)-R‘’-(r,%)(S)=/_ 

J t(u;) A7j {to, 

+1{7' (S) <r (2)} {ij (w) , W) - (% (w) , W)) 


g*’‘^(a;)dr+l{7.(2)<r(2)<7'(2)}(L*’‘^(T(w),w)-G*’‘^(%(a;),a;)) 


< ^m(w) +1{7, (2)<r(2)<7'(2)} £>0 (('r(w) (w)) + sup I {r^T{uJ)) - (w®*w) (r A7j- (w 

^ rG[0.T] 

+ l{7'(2)<r(2)}£'o((7K^)“%(^))+ sup | (w®tw)(rA 7 '(w)) - (rA%(i 

^ r-e[o,r] 


<'?m(w) + l{7A2)<T(2)<7'(2)}£'o(a+ SUp | u;(r) - (w)) | ) + l{V.( 2 )<r( 2 )} £>0 ( 0+ sup \uj{r)-uj{%(i 

^ -rG.iM / ^ [7j (u;),7'(u;)] 


rG[7j(;^),T(i^)] 

<^m(w) + Po(a+ sup 

rG (w(2)) . (i/,- (w(2)) +a) At] 


a;(r) — (>V(a; 


Taking uj = X{uj'), one can deduce from (17.441) that for Pg—a.s. uj' 

77*’‘^('r>7i)('^^(w'))-7?‘’‘^(r,%)(^(w')) < Cm ('%^(w'))+£* 0(0 + sup 

^ rG[j^j(ixj'),(iyj(w') + a)AT] 

Also, (17.441) and (17.471) show that for any w'g (A/fiUA/')'^ 

f.r(2')Ai/3(2') 


Xr{ui')-X,A^')\]. (7.53) 


i?‘'-(r,%)(A(S')) = 

Jt 

pT{to')f\yj{Io') 




Since A ^{AnAj) G j = 0, • • • , A by (15.41) and since Vj’s are T^—stopping times, 1 / := + 

Xi ^s also a 7^—stopping time. Set rj := sup IXr — XA. Using the inequality (a + b)^ < 

^ ' rG[I7,(I7+o)AT] 

2^~^(a^ + b^), Va,b>0, one can deduce from (I7.54|) . (17.531) and (15.31) that 


J=1 


^X-i(AnAj) 


(i?‘-(r,7')(<T)- 


= EEt 

i=i 


^x-^(AnAj) isi" 


i=i 


<E, 


'^x-^(AnAj) ( 


a+ sup \Xr — Xy 

rA<^j,Ai + °)AT] 


£.m{x)+Qo{aXri) 

^ lEp[^ni]+Et[l^_^^|j^Po(a+a<‘) + Kl^_^^i^(l + (a+?7)^)] <Eg[^,Ti] + po(o+a^) + Ka (1 + 2^ ^a^)77+2^ 

<<5/2 + po(a+a^) + /t(l + 2'^ ^a^)(^i(||a;||o,t)a'‘+ k 2™ ^(/3ro+i(||a^||o,t)a^^^'''^^"^ = <^/2 + 4’(||w||o,t,2 '™)<(5. (7.55) 

Then we see from (|7.52p that 

A A A 

E%[l-4n^.^‘’‘"(u7,)] =Y.^\^x-HAnA,)^''"{^^^'j){^)\ ^Eproving dm]). 
i=i i=i i=i 

2 d) lUe are ready to use dUD and the estimate (1571) to verify (12.81) for P. 

Let j = l, • • •, A again. As PGip* by (I7.43L (I7.54L (12.51) and (12.61) imply that 


IE* [l^jI] < Ej 


\gl^^{X)\dr + ^l’‘^{X) 


= E^ 


\gl.'‘^\dr+ 


= Efi 


|gC’‘^|dr + 


< 00. 
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Since X~^{Ar\ Aj) G Tg, applying Lemma A .2 ( 1 ) of [S] with (P, A,^) = (Po,-B*,Sj), using (u4) with A = Ar\Aj 
and applying Proposition 2.3 in the ArXiv version of [5] with (P,^) = (Pg, Sj), we can deduce from Proposition [L2] 
( 1 ) and (ul) that 




= Et 


'-{Z&X~^(A)nAf} 




= Et 


'-{uiGX-'^(A)nAfnAj} 


E,[s;’‘"] 


(7.56) 


Let wG^^nAjnA/JnA/])nA/’)r. Asr®’‘^GT*, similar to 7 ^ =^'j(>V), (W^) is a stopping time. LetwG 

n® such that u) is not in the Pg—null set (AfiiUAf)^’‘^UAfxj'JJ^z, and define AXi(u}) := (w)—A'’ (w)||^ ^ . 

Taking w' = w ®s w G (A/^UA/’)'^ in (17.541) . we see from (12.3|) . (17.441) . (u3), (12.11) as well as an analogy to the second 
equality of (17.41) that 

Ej’‘^{Lj) =R^'^{T,^j) (A(w ®s w)) = R(t,T[X(uj (g)s w)), 7 j(A(w 0 ^ a))),a; 0 * (X{co 0 ^ w))^ 

= R(t,T{u} 0s w), Vj{uj 0s w), W 0t {X{u! 0s w))^ = R (t, t""(Q), pj(a)), W 0t (X(uj 0s w))^ 

= & (X^ (ai)), p{X^ {Q)),oj 0t (A(S) 0s (2))) 

<A(A&(-^'(^ 2 )),p(-^'(w)),(t. 0 tA’(w)) 0 s(A^(cD)))+(l+T)po(AXi(cD)) 

= A(^s,Cs(A’-’(a))),p(A-’(w)), (w0tA(w))0s(A-’(w))^+^ gr((w0tA’(w))0s(A-^(w)))dr + (l+r)pg(AAi(w)) 
= 5 r(w®tA’(S))dr+(l+T)po(AXi(S)). 

Since pg(AAi(w)) < (S5)<5i/2}(2)>5V2}+shows that 

Es[s;’^] < Es[(A^’‘"®*^(=')(Cs,p))(A’^')] + J 5‘’^(A’(5))dr + (l+r)pg(5i/2) 

+ (l+T)Ac5-i/2(Cir||w0tA(w)-a;0tw,||g,s + C^+ir"^+iw 0 iA’(S)-w 0 tW,||^+i). (7.57) 

Set pg(^):=J+(l+T)po(( 5 i/ 2 )+(i+ 7 ^)^(C<^Tji/ 2 _^C.^_^^ 7 ^^+i^t^+i/ 2 ^^ As wGAf = A-i(Aj), i.e. A(w)gAjC 
Og iujj), one has ||a; 0 t A(w) —w 0 tWj ||g_s = || A’(aj) —Wj||t^s < < <5- It follows from (17.571) that 


Es[5f] < EpjA^'“®‘^(“)(C2,p)l + / g*’-(A(C))dr + pg(J)-<5 


< sup Epj 
^eTRn) 


i?*’“®‘^("')(c,p)l + / 5‘’“(-^(S))dr + ?g(5)-A 


(7.58=* 


Plugging this back into (I7.56L we see from (17.511) and (ul) that 

( 


A A 

5]Ep[W,i?‘’‘^(r,7,)]<E®^‘ 

1=1 1=1 

= ElEr 

A 

=E 

1=1 


^{s:iex-^(A)nx-^{Aj)}\ sup Epj 

<;eT‘(n) 


^{ui^AnApi sup Epj 


R 




(A(5)) dr+go (<5) - 5 
(< 1 , p) + gl’‘^{uj)dr + go{S)-S^ 


+6 


+ 6 


^{bjeAr\Aj}{ sup Epj {<;, p) + / 5 *’“(a;)drj +P(AnAg)(^?g((5) —^)+(5. 

^‘;eT‘‘{n) L J Ji 


is continuous under norm 


In the last equality, we used the fact that the mapping uj -a sup Epj p) 

‘ieTRn) 1 

II ||t_T and thus measurable by Remark [52] (2). Therefore, (12.81) holds for p" = 7 ^, j = l, • • -A. 

3) In this part, we still use (12.1|) and the estimate (|5.2I) to show that {'P(t,uj)}(t,ui)^[o,T]xQ. satisfies Assumvtion \3.1 
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Fix nSNU{oo}, tG [0,T], u},u;'gQ, nG'^t and set i5 := Hw' —a;||o,t- We still take the notation (17.461) and set 

Fix £ > 0. We still define ^m’s as in (|7.48p and can find a 6sN such that Er [Ct] <e/2 and $(||a;'||o,t, 2“*) <£/2. 
Also, fix yST* and rsT*(n). Similar to T = r(A) in part 2c), t{X') belongs to T*; and analogous to 
(17.451) implies that r := r(A’'(>V)) is a U—stopping time. Symmetrically, ^{X) belongs to T* and 7 := 7(A’(>V')) 
defines a 5^'—stopping time. 


^ p 2 ^ 

Set ti:=<V(i2-*T), z = 0, •• -,2*. Then 7{:=Ei=o l{n-i< 7 <ti} ti defines a 5^'—stopping time, where t_i := —1. By 
similar arguments to those that lead to (I7.50p . one can construct a T*—stopping time 7 ^ valued in such that 

7 j= 7 {, p'—a.s. Analogous to (17.531) . we can deduce that for Pq— a.s. wSfl*, 


i?‘’-(r,70 (^'(w)) 7 ) <6(^'(^5)) +eo(2-* + 

where r]' := sup |A/ —And similar to (j7.55|) . (15.31) implies that 

'■e[7(^).(7(A')+2-')AT] 


Ep, (r, 7 t) -i?*’" (r, 7 )] = Ep, [R‘’“ (r, 7 O -(r, 7 )] =£* [R*’- (t, 7 ^ (A') -i?*’- (r, 7 ) {X')] 

< Et[^t(A') + Po(2-*+7?')] <Er[6] + $(lk'||o.t,2-*) <e. (7.59) 

Since (17.441) shows that r(A'(aj)) = T(A'(>V(A(a3)))) =t(A(u;)) and 7 (A'(w)) = 7 (A(>V'(A'(w)))) = 7 (A(w)) 
hold for Pq— a.s. w S fl*, we see from (12.31) and (12.11) that for Pq— a.s. w S fl* 

(R*’‘^'(T,7))(A'(5))-(i?‘’‘^(?,7))(A(w))=i?(t,T(A'(w)),7(A'(5)),a;'®iA'(5))-R(t,?(A(w)),7(A(5)),u;(g)tA(w)) 
= i?(t,f(A(w)),7(A(w)),a;'(g)tA’'(w))-R(t,f(A(w)),7(A(w)),a;(g)tA(w)) 

< (l+T)po(||a;'®tA'(w)-a;®tA(w)||o,T)<(l+T)po(||w'-w||o7 + ||A'(S)-A(w)||t,T) = (l+T)po(^+AA(w)) 

< l{AX(2)<5i/2}(l+'r)po(<5+<^^^^)+1 {ax(2)><5i/2}k( 1+T)(5 ^/^((1 + 2^ ^5^)AA(a;)+ 2^ ^(AX(a;))^+^), 

with AX{ui) := ||A'(w) —A(w)||t^T- Then (17.591) and (15.21) show that 

Er[R‘’^(r,7j)] = Ep, [i?‘-“(T,7()] < Ep, [i?‘'-'(T,7)]+£ = Et[(i?‘’“'(r,7))(A')]+£ 

< E*[(i?‘’-(?,7))(A)]+pi(5)+£ = Ep[R‘’-(f,7)]+pi(<5)+£, (7.60) 

where gi{S):={l+T)go{6+S^^^) + K{l+T){{l + 2^-^S^)CiTS^^^ + 2^-^C^+iT^+^S^+^/'^)>go{S). 

Similar to (17.581) . one can deduce that Ep [i?*’‘^(T, 7 )] < sup Ep [i?*’‘^(<r, 7 )]. So it follows from (17.601) that 

•;eT*in) 


Er [i?*’‘^'(T, 7 {)] < sup Ep[i?‘’“((r,7)]+Pi((5)+e. 
^er*(n) 


Taking supremum over r G T^in) on the left-hand-side yields that 

inf sup Ep/(r, C)] < sup Er (r, yj)] < sup Ep[i?*’‘^(^, 7 )]-|-pi(5)-|-£. 
Ce"?"* TGr*(n) r^THn) <;&r*{n) 


Then taking infimum over 7 G T* on the right-hand-side, we obtain that 

inf sup Ept,u.',M (t, 0] < inf sup Ept.u.,^ [i?*’‘^(c, 7 )]-l-pi((5)-|-£. 
rer‘(ra) <;Gr*(") 

Letting £ —^ 0 and taking infimum over g, G on both sides lead to that 
V)"'(w')=inf inf sup Ept,,,/,,.[i?*’‘^ (r, C)] < inf inf sup Ept,u.,^[i?‘’“((j, 7 )]-|-pi(||a;'-a;||o *) =Aj"(a;)-|-pi(||a;'-a;||o 

Cer* ^er‘(») 76r%gr*(") 


Exchanging the roles of w' and w shows that {P(t, a;)}(t_(^)g[o^ 7 ’]xn satisfies (13.4p . 
4) To verify Assumption 13.21 for {P(t,a;)}(t_tj)g[o_T]xn, we fix a>0 and ^g(0,T]. 
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Let tG [0,T), a;SO^(0), and CgT*. We take the notation (17.461) again. Similar to t = t(^X) in part 2c), 


C:=C('^) is a T —stopping time. Set ry:= sup 

rG[c.(C+<5)Ar] 


Ep 

Qiisp sup \bI.-BI\) 

= Ep 

Pi ( 5 + sup B* — RJ f) 

= E4 

Pi ^5+ sup Ar — 


. ^ rGlCdC+^lAT] A_ 


. ^ r-elc^C+^lAT] p 


rg[c,(C+5)AT] -1 


IAV—A’pl. Analogous to (I7.55p . one can deduce from (15.31) that 


= Et[pi(5+i))] 


<pi(<5 + di/4) + A^(l + 2—i<5-)^i(||cc||o,t)^'/" + «2—< Qo.{S), 

where Pa(d) := + + + + Taking supremum over (gT* and 

then taking supremum over fj,G^t and a;GO^(0) yield (13.61) . □ 


7.5 Proof of Theorem 16.11 

If Vo = Lq, then t* = 0 and it thus holds for any (P, 7 ) € P x T that Ep[i?(T*, 7 )] = Ep[i?( 0 , 7 )] = Ep[Lo] = Lq = Vq. 

Next, let us assume that Vq > Lq. Theorem l4.ll (11. Proposition [Tl] (1), (A') and the proof of Remark 13.11 imply 
that the process ■= Vt — Lt, t G [0,T] has all continuous paths and satisfies 

mto) - jr,(w')| < \Vtiuj) - Vtiuj')\ + \Ltiuj) - Lt{uj')\ < 2po(||w - a;'||o,t), Vt S [0,T], Va;,a;' e n. 


Then applying Theorem 3.1 of [7] with payoff processes C:=—U, U :=—L and random maturity To = inf{tS [0,T]: 
<0}AT = inf{f€ [0, T]: Vt = Lt} = T* shows that (In particular, (H4) implies (P4) of [7] by Remark 3.1 (3) therein) 

Multiplying —1 


for some (P*, 7 *) G T’ x T, sup E] 

(P,7)G'PxT 

on both sides, we see from (14.31) that Vq = inf 

(P,7)e7^xr 


[l{7<r.}'^7 T [l{7.<r..} 

Ep[i?(r*,7)] = Ep.[i?(r*,7*)]. 


□ 


A Appendix 


A.l A Technical Lemma 

Lemma A.l. Define Tt'=V t+ JI Qrdr, tG [0,T] Given (gT, it holds for any (t, w) G [0, T] x 11 and t' G[0,t] that 


TAw) < inf ] 

V^V{t,uj) 


c„.)(n“dAc)vt 


Proof of Lemma lA.lt Fix 0 < A < t < T, w G 11, QgT and set a := 1 +||a;||o,T- 

/ — 

_ V (T*c,.)(n?dAc)vTj 

2) Next, suppose that t<T and Vt{ui) = Lt{ijj). Then 


1) When t = T, one has inf E 

V&V(T,u>) 


= inf Ep 
PgT’(T.w) 


{Tt? 


= inf Ep 

ve^V(T,ui) 


(A.l) 


Tt(w) =Tt{u:). 


r(V,^)(nO(cc))=inf{sG[t',T]:P‘'’“(n°(a;))=L‘'’‘"(n°(a;))}=inf{sG[l',T]:y«(a;) = L.(a;)}<t, 

which means that loG (II° ) ^{A') with A' ^j(a;')<t} GFI ■ Since Lemma A.l of [5] shows that 

n?. is an TrlT-l —measurable mapping, VrG [t',T], [A.2) 

we see that (llf/) ^(A')GJ^t. It follows from Lemma Fl.II that 

w®(ll*c(n°) ^{A') or r(*j, ,^)(n° (cli ( 8)4 w)) < 1 , VujGfl*. (A-3) 

Remark 13.21 and Proposition 13.41 (1) show that T is an F—adapted process with all continuous paths. Applying 
(II.8|) to TtGiFt and using (IA.3I) yield that 

)(n7)Ac)vi) ' (w) = T((T(;,_^)(n°,(w0idi))AC(w0tw))vi,a;(8tw)=Tt(w0tw) = Tt(a;), VwGll‘, 
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Thus we still obtain (lA.ll) as an equality. 

3) The discussion of the case t <T with Vt{uj) > Lt{oj) is relatively lengthy. We split it into several steps. Since 
lim t = Vt{uj) by (|3.1I) and Proposition 13.31 there exists an integer N = N{t,u}) > log 2 such that 

V^{uj)>Lt{uj) for any n>N. 

Fix 5 > 0 and fc, n G N with k>n> N. For any r G [f, T], as Ar := {w G (^) < ^ -^r i HA.21) implies 

that |w'Gn: (w')) <r| = {w'Gri: 11° (w') G = (11° G JV- So is an F— optional time 

valued in [t',T], and it follows that := )AC) Vt is an F— optional time valued in [t,T]. 

Let ik be the largest integer such that ik‘2.~^T<t. As k> log 2 one can deduce that ifc<2'' —1. Set :=t 

and ti ■—i2~^T for i = i/c + 1, • • • ,2^. 

3a) In the first step, we derive from Propositionan auxiliary inequality: 






grdr 


(w), i = ik, 


.2'= - 1. 


Let i = ik, - ■ ■ , 2^ —f. Applying (13.51) with (t, s) = {ti,ti+i) and taking 'Y = ti+i yield that 


inf sup Ep 

PePlq.i^) .rer‘h«) 




(A.4) 


(A.5) 


For any TGT^'{n), it takes values in {ti} U {j2 where jo is the smallest integer such that ti<jo2 ”T. As 

n<k, one has t^+i < jo2“"T, so {r <ti+i} = {T = ti} G ={ 0 , 0*’}. To wit, we have either {T<ti+i} = {T = ti} = Q*' 
or {r>ti+i} = r2*v Since = =L(ti, w) by (17.6p . we see from (IA.5I) that 


F”(w)< inf LtTa;)VEp 
P€:ViU,ui'' 


gl'’‘^dr 


— Lt.(w)V 


Vfi 


grdr 


(w), proving (jA.4|) . 


3b) In the next step, we will show that over time grids , the ¥—adapted process T" := V)"+ /* grdr, t G [0, T] is 


an S^—submartingale up to time :=X]i= 4 +i + *-e- 




(cu), i — ik, * * * 5 2 f. 


(A.6) 


For any r G [tifc+i,T), let jr be the largest integer such that tj^ < r. Since is an F—optional time, one 
can deduce that {iPk’^ < ?■} = U [r'k'^ = ti] = U [ti-i < < ti} = < tj^} G J"*. C iFr- So is a 

i=ifc + l i=ifc + l '■ 

7t(A:)—stopping time. 

(i) Let i = ik first. We simply denote ti^+i by s. Since Vfi( uj) > Lt{uj), applying (IA.4I) with i = ik yields that 


vriuj)<ii 


vr 


grdr 


(cc). 


(A.7) 


As i^k’^ >ti,^+i = s > ti,^ =t, the first equality in (17.41) shows that 


)*’‘^(a;) = T”(z/((’‘^(w(8>ta;)As,a;®tu;) =T"’(s,=F"(s,a;®tw)+ / gr{uj®t^)dr-\- j gr{uj)dr 
® Jt Jo 

/ pS \ t,UJ pt 

= / grdr\ (w)+ / gr{oj)dr, VwGn*. 


Taking expectation Ep[ ] and then taking infimum over P G 'P{t,uj), we see from (IA.7I) that 

rt 






■ i/, ’ As 


(w)— 


Vfi + j^ grdr 


(w)+ / 5 r(w)dr>T”(a;) = T"'„,ii (w), proving (IA.6I) for i = ik. 

Jo 


(ii) Next, let i = ik+l, • • •, 2^—1. Given u:G <ti} , applying Proposition ll.il 131 with {t, s, r) = (O, ti, Vk'^) shows 
that v'f’^ = (u:)-.= t. As T^G using (11.81) with (t, s, ry) = (O, T^) yields that for any w G 
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) (w) = T"(i/^’'’(a;(g)t.a;) A ti+i, CtK^tw) =T"(t A ti+i,a;(8)t;w) =T”(<, ctKgjt-o;) =T"(t, w). It follows that 

i»t E,[T-(?^)]=r"{F,<.)=T-(^;A‘-)A<.,c^)^ (a.s) 


Ati+iJ rGr(ti,ui) 1^ ’'k' Aii+A J PG-P(ti,w) 

Then we let oj G > ti}. Proposition [T^ (3) shows that 

■)*t ^ 


C > ti) = > ti+i] 


(A.9) 


and one can deduce that (w)>ti>ti^+i >tii, =t. By the definition of , one has = A 


C(a;)<r^”; ^^(11° (w)) and it follows that 


rti+1 


(A.IO*) 


This together with (IA.4I) shows that V^{oj) <£.t. grdr (w). Adding J^‘gr(uj)dr to both sides, one can 

deduce from (|A.9I) that 

nti 






rti+i 

r 

'Y'TT 

n.S . , 

I'k ^^i+1 

(w)— 

T" 

ti + 1 

(F)—i.u 

9rdr 

M+ / 
^0 


which together with (jA.8|) proves (jA.6|) for i + 1, • • • ,2^ — 1. 
3c) As a consequence of (IA.6I) . one then has 




T"„s , 

(w) < 

T\s , 

L ’^k AtiJ 


1/j,’ Ati+1_ 


(w), i = ik+ !,■■■ ,2^-1. 


(ATI) 


Let i = ife + l, •••, 2^ — 1 and P£P(t,a;). As^i:=T "„^,5 ^ is ■F't— measurable bv Remark l3.2l ProDOsition ll.il IT) 

’^k' ^*i+i 

shows that gi := is measurable. Since (13.31) and the first equality in (17.41) show that for any uGLI* 

|??i(w)|<T'(j^fc’'*(w(8)tw)At,^+i,a;(g)tw)+/ \gr{uj<Sitdj)\dr< sup T'r(a;®tw)+ / |gr(w)|dr+ / \gl.'‘^{uj)\dr, (A.12) 

Jo r&[t,T] Jo Jt 

an analogy to (17.131) and (11.91) imply that for all uGfl* except on a P—null set A/), 


E, 


'P*i 


ti ,UJ 


j-‘J(S)gr. 


(A.13) 


By (P2), there exists an extension (17*, T', P') of (17*, Jlf, P) and Ll' gF' with P'(l7') = 1 such that P**’"^ GP(s, w®* w) 
for any w G17'. Given w G 17' D J\ff, since 

?7-*’‘^(w) = gi(oj w) = ^‘’“(w (g)t, w) = fi{uj (g)t (w (g)*, w)) = ^^((w uj) 'S)ti w) = ^J*’‘^®“^(w), Vw G H®, 
we can deduce from (IA.6I) and (IA.13|) that 




ACi+iJ 


(w w) = ®t Cli) = _ inf Ejp 






ti ,UJ<S>t^ 


= E, 


'P‘i 


= Ep[r;,|J-*J(d))=Ep (S), 


which shows that n'rWf C A' := {<Ep [C*’"" |-E|J } G It follows that P(A') = P'(A') >P'(17'nA^'=) 


= 1 . 


Hence, (T\,. ^ ) ’"<E 


a.s. Taking the expectation Ep[-] yields that Ep (T "„,5 )*’‘^ <Ep[^J’‘^] = 

k'i. ’ 


Ep 


. Then taking infimum over P G P(t,w), we obtain (lA.llI) . 


3d) Finally, we will use (IA.11|) as well as the continuity of process V to reach (lA.ll) for the case t < T with 
Vt{uj)>Lt{io). 


Taking i = ik in (IA.6I) shows that T”(w) = T"„^ 5 ^^(u;) 


yields that 


T n 

L ’^k Atifc + iJ 


'fe+lj 






(w)<.--<£, 


'^k AtjfeJ 


w), which together with (IA.11|) and (13.11) 
(uj) =1, [T (co). (A.14) 
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Since lim | the continuity of V by Proposition [211] implies that lim T n,s =T^n,s. Also, an analogy 

_ k—^oo k—^oo 

to (|A.12|) that for any w G fl* 


(T^n,.)‘’“(a;) <^'*’‘^( 0 ;)+ / |g^(a;)|dr+ / \gl'‘^{uj)\dr. 
^ Jo Jt 


(A.15) 


Then for any PG a;l. the dominated convergence theorem and an analogy to (|7. 131) imply that lim Ep (T n.s) 

fc—)-00 ^ ' 


\ ^5^ 


Ep 


. Taking infimum over ¥GV(t,uj) and letting /c —>■ 00 in (IA.14I) . we obtain 


T"(w)< lim inf Ej 

k^oo F^V{t,uj) 




< inf lim Ep 
P&V{t,uj) k->-oo 




= inf Ep 
re'P(t,ui) 




As Iloilo,t < Iloilo,T < Oi, we further see from (13.7p that 


Tt(cc)<T”(cc)+p„(2-”) + 2-"(|gtM|+p„(T-t))< inf Ep (T,„,+p„(2-") + 2-”(|gtM|+p„(T-t)). (A.16) 


The path regularity of in Proposition 13.41 implies that 


^ ^ ■ 


The continuity of V thus shows that lim lim T,,n,s = lim lim T , 

S^On^oo ^ I 


= T, 


(A.17*) 

, „, A . Also, letting 
.(P„,)(n«,)AC)vt s 


(5—>-0n—>oo 

fc —>■ 00 in (IA.15I) yields that |(Tj,nA)*’‘^| < 4'*'^ + f* \gr{uj)\dr + J^\gp‘^\dr. Then for any P G P(t,w), applying 


the dominated convergence theorem and an analogy to (17.131) again, we obtain that lim lim Ep 

(5^0 n—foo 


{T^n,) 


t.UJ 


Ep 


(^(h*',^)(np)Ac)vt) 


(n«,)Ac)\ 


. Eventually, letting n —>■ oo and i5 —?> 0 in (IA.16I) yields that 


TAui) < lim lim inf Ep 

5->-0 ra^oo PGT>(t,i.j) 




< lim inf lim Ep 

(S-s-O Ve^V(t,uj) n->oo 




< inf lim lim Ep 
PeP(t,aj) (5-s-O n^oo 




= inf Ep 
ve^v(t,uj) 


v.,.)(n?dAc)vt 


□ 


A.2 Proofs of Starred Statements in Section [3 

Proof of (|7.11l) : When n = oo, applying (17.101) with A = {tA 7 >s}g J"* and t = t\/ sGTg shows that 


A A 

J{rA'r>s}nAjR*’‘^{T,p])] [^{TA'r>B}nAjR*’‘^{T\/s,pJ)] <Ep 

i=i 1=1 

On the other hand, if n < oo, let is be the smallest integer such that is2“”T > s. Clearly, rV(is2“”T) G7^*(n). Since 
{t A 7 > s} C {r > s} = {r > is2“”T}, applying (17.101) again with A = {rA 7 >s} and T = rV(is2“"T) yields that 



^TA7>s}n^( 


{v:’- + J\l’-dr) 


-\-e. 


X 

E 

1=1 


[t{TA7>s}nyljt?*’‘^(T, p")] — 


A 

E [^{rA7>s}n.Aj 

1=1 


i?‘’“(rV(^,2-"T),p”)]<Ep 


*-{r A 7 >s}nX; 




+e. 


Proof of (|7.12|) : We set Ag := { 7 <s}U({ 7 > s}(nAo) GJ^ and A| := { 7 > s}(~)Aj GP*. Given rG [f, T], 

{7A <r} = (Ag (~) {7 < r}) U ( [A] O {p" < r})). (A. 18) 

If r<s, since { 7 <r}c{ 7 <s} and since each p^GTg, one has { 7 a <r} = { 7 <s}(~({ 7 <r} = { 7 <r} GP*. Otherwise, 
if r>s, as AjGTgCT* for j = 0,1, • • •, A, (jA.18l) also implies that { 7 A<r}G J"*. Hence, 7 a gT*. □ 
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Proof of (17.231) : Since Cc = lim C~, we see that {Cs < 72 } C := U {(- < 72 } C {Cs < 72 } and thus 

k—^oo k^N 

{C 2 < 72}\^2 C {C 2 = 72 }- Then the continuity of process L implies that 

rCiDA7i 


i?^’"®*"(C2,72) = 

/■C.iA7i 


Or 


j T I 1 7-I 1 jT. 

^ ^{Cc3<liD}^Cc3 


lu} 


ffoA7i 


J S 


= lim 

k—^oo 


rGA7iD 


^s,a;(x)fa; 




Proof of (I7.24|) : For any ri,T 2 G 7^*, letting A := {Ep[i?*’‘^(Ti, 7 ')|J"!] > Ep[i?*’‘^(T 2 , 7 ')|Pj]} G and r := 
lA'ri + lAc'r 2 G7^*, we can dednce that 

Ep[i?‘’‘"(r,7)|j-‘] = Ep[lAi?‘’“(Ti,7) + lAei?‘’‘"(r2,7)|J-*] = lA]Ep[i?‘’‘"(Ti,7)| J^*] + lA^Ep[i?‘-‘"(r2,7)| J-‘] 

= Ep[i?‘’-(ri,7)|j-‘] VEp[i^*’-(r2,7)|-^.‘]■ 

So the family |Ep 7 ') l-^J] | is directed upwards. Appealing to the basic properties of the essential 

infimum (e.g., [48l Proposition VI-1-1]), we can find a sequence {r„}„gN in Tg such that (17.241) holds. □ 

Proof of (17.251) : For any r G [t, s), since r„ G Tg and since {r < r} C {r < s} C {r A 7 < s}, one can deduce that 
{tu < r} = {t a 7 < s} n {t< r} = {t< r} G On the other hand, for any r G [s, T], {t„ < r} = ({r A 7 < s} fl {t< 
^}) O ({r A 7 >s} n {T„<r}) G J"*. Hence, t^gT*. 

Proof of (]7.49p : Given rG[s,T], as Aj.:={p<r}^F^, (15.41) shows that 


{pj < r} = {w G : p{xHQ)) < r} = {w G G AJ = {X^)-^{Ar) G A". 


(A.19) 


Also, Lemma A.3 in the ArXiv version of 0 implies that [vj < r} = {w G : H* (w) G {pj < r}} = (H^ ^ {{pj < 
r}) G J"*, then one can deduce from H7.45P that { 7 ^ < r} = {w G : >V(w) G {vj < r}} = [{vj < r}) G ^r- Hence, 
pj&T , I'j GTs while 7 j is a 5^—stopping time that takes values in [s, T]. □ 

Proof of (17.581) : When n<oo, as induced by T€Ts(n), C 2 takes values in where ig be the smallest integer 

such that ig2~^T>s. Similar to (17.501) . there exists (~£T^{n) such that (~ = (ui, pj—a.s. So we have 


E„ 


i?^’"'®‘'^(2)(C2,p)l =Ep, =Ep. 


< sup Epj 

^erV".) 


R 






Suppose n = 00 now. Let fcGN and set s7=s V (i2 ^T), i = 0, ■ ■ -,2^. With := —1, i<C^<s’’}^i 

defines a stopping time. By similar arguments to those that lead to (17.501) . one can construct a T®—stopping 
time valued in {sf}f^Q such that p^—^.s. Since C 2 = hm i an analogy to (I7.23P shows that 


k—¥<xi 




By (ES), \R^’‘^®*^^^\C^,p)\<Jg 




dr + 'i' 


k—¥oo 


(A.20) 


V fc G N. Since Pj G tPs by (17.431) , (12.61) shows that 


E„ 


[/ 

s,ui®tX{ui) 

i/r 

dr + 

— Epj 

if 

8,Ul^tX{uj) 

Ur 

dr + 


< 00 . 


Taking expectation Epj [ ] in (IA.20I) , one can deduce from the dominated convergence theorem that 


E 


pj 


i?"’‘"®‘^(“)(C2,p) 


< lim En 


= hm Epj 

k—¥oo 


i^k 


= lim En 


fe,p) < supEpj 
J CGTo 




□ 
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Proof of (lA.lOl) : If (n° (w)), the definition of shows that {V'^—L){ti,uj) = [{V^y L* (t^, nj,(a;)) > 

(5>0. On the other hand, if = (n° (w)) the left-upper-semicontinuity of {V^Y — implies that 

Proof of (|A.17P : Fix wSfl* and set 5:=l + ||a;( 8 )tw||o,T- 

We Let i5>0, nSN and simply denote show that 

+5. (A.21) 

If tn,S =T,^ shows that 

{V^Y'" {tu,s,^) = (!/")*’“ (T, w) = w) = L*'*" 5). (A.22) 

On the other hand, if tn,s < T, let {L = L(t, w, w, n, (5)}igN be a sequence in \tn, 5 ,T] such that lim J, U = tn ,5 and 

that w) < L‘’“(ti,w) + (5, Vz G N by the definition of tn^s = The right-lower-semicontinuity of 

path 17" (w 0t w) by Proposition 13.41 and the continuity of path L.(uj 0t w) then imply that 

(R")*’‘^(tn, 5 ,w) = V'^{tn,5,uJ ®t w) < lim V'^{s,uj®t w) < lim P”(b, w Ot w)<L(t„, 5 ,w 04 w)+i5 = L‘’‘^(t„, 5 ,w)-|-^, 

s\itn,S i^OO 

which together with (jA.22l) proves (IA.2IF 

As ||aj 0 t ^\\o,trt,s ^ 11^ ®t w||o,T < 5, we see from (IA.21I) and (13.71) that 

<l/(t„_ 5 ,a; 0 tw)-R"(t„, 5 ,a; 0 tw)+( 5 <p 5 ( 2 “")-l- 2 “”( sup \gr{uj^t^)\+ ps{T)) +(5. (A.23) 

^rG[0.T] ^ 

For any sG[t,T], since T®(n) cT®(n-|-l) cT®, an analogy to (13.1|) shows that 14"(a;0tw)< Pj,"+^(a;0ta3) < Ps(a; 0 tw). 
It follows that ts:= lim f As n^oo in (IA.23F the continnity of the path V ’ (w) —L‘’“(a3) by Proposition 

13.41 yields that V^’‘^ (ts,u})—L*’‘^[ts,i^) <S, and thns 

lim t tn 5 = 4 > G 5 :=inf |sG [t, T]: l/*’‘^(w) <L‘’“(w)+(5}. (A.24) 

The continuity of the path l/*’^(w) —L*’“(w) also implies that t* = limf t* 5 which together with (IA.24I) leads to 

5^0 ’ 

that limf lim ^ tn s = 4 , i.e., limf lim f Jui) = rf ,,-,(w). □ 
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